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Abstract
In these lectures we present a general introduction to topological quantum field
theories. These theories are discussed in the framework of the Mathai-Quillen for-
malism and in the context of twisted N = 2 supersymmetric theories. We discuss
in detail the recent developments in Donaldson-Witten theory obtained from the ap-
plication of results based on duality for N = 2 supersymmetric Yang-Mills theories.
This involves a description of the computation of Donaldson invariants in terms of
Seiberg-Witten invariants. Generalizations of Donaldson-Witten theory are reviewed,
and the structure of the vacuum expectation values of their observables is analyzed
in the context of duality for the simplest case.
1Lectures given at the workshop “Trends in Theoretical Physics”, CERN-Santiago de
Compostela-La Plata Meeting, held in La Plata, Argentina, April 28-May 6 1997.
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1 Introduction
Topological quantum field theory (TQFT) emerged in the eighties as a new relation
between mathematics and physics. This relation connected some of the most advanced
ideas in the two fields. The nineties have been characterized by its development,
originating unexpected results in topology and testing some of the most fundamental
ideas in quantum field theory and string theory.
The first TQFT was formulated by Witten [87] in 1988. He constructed the theory
now known as Donaldson-Witten theory, which constitutes a quantum field theory
representation of the theory of Donaldson invariants [32, 33]. His work was strongly
influenced by M. Atiyah [13]. In 1988 Witten formulated also another two TQFTs
which have been widely studied during the last ten years: topological sigma models in
two dimensions [88] and Chern-Simons gauge theory [89] in three dimensions. These
theories are related, respectively, to Gromov invariants [45], and to knot and link
invariants as the Jones polynomial [50] and its generalizations.
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TQFT has provided an entirely new approach to study topological invariants.
Being a quantum field theory, TQFT can be analyzed from different points of view.
The richness inherent to quantum field theory can be exploited to obtain different
perspectives on the topological invariants involved in TQFT. This line of thought has
shown to be very successful in the last years and new topological invariants as well
as new relations between them have been obtained.
TQFTs have been studied from both, perturbative and non-perturbative points of
view. In the case of Chern-Simons gauge theory, non-perturbative methods have been
applied to obtain properties [89, 41] of knot and link invariants, as well as general
procedures for their computation [73, 53, 68]. Perturbative methods have also been
studied for this theory [46, 7, 17, 2, 5] providing integral representations for Vassiliev
[84] invariants [54, 18, 3, 4]. In Donaldson-Witten theory perturbative methods have
proved its relation to Donaldson invariants. Non-perturbative methods have been
applied [92] after the work by Seiberg and Witten [79] on N = 2 supersymmetric
Yang-Mills theory. The outcome of this application is a totally unexpected relation
between Donaldson invariants and a new set of topological invariants called Seiberg-
Witten invariants. One of the main purposes of these lectures is to describe the
general aspects of this result.
Donaldson-Witten theory is a TQFT of cohomological type. TQFTs of this type
can be formulated in a variety of frameworks. The most geometric one corresponds to
the Mathai-Quillen formalism [74]. In this formalism a TQFT is constructed out of a
moduli problem [15]. Topological invariants are then defined as integrals of a certain
Euler class (or wedge products of the Euler class with other forms) over the resulting
moduli space. A different framework is the one based on the twisting of N = 2
supersymmetry. In this case, information on the physical theory can be used in the
TQFT. Indeed, it has been in this framework where Seiberg-Witten invariants have
shown up. After Seiberg and Witten worked out the low energy effective action of
N = 2 supersymmetric Yang-Mills theory it became clear that a twisted version of this
effective action could lead to topological invariants related to Donaldson invariants.
These twisted actions [51, 1, 10] revealed a new moduli space, the moduli space of
abelian monopoles [92]. Its geometric structure has been derived in the context of
the Mathai-Quillen formalism [61]. Invariants associated to this moduli space should
be related to Donaldson invariants. This turned out to be the case. The relevant
invariants for the case of SU(2) as gauge group are the Seiberg-Witten invariants.
Donaldson-Witten theory has been generalized after studying its coupling to topo-
logical matter fields [51, 1, 10]. The resulting theory can be regarded as a twisted form
of N = 2 supersymmetric Yang-Mills theory coupled to hypermultiplets, or, in the
context of the Mathai-Quillen formalism, as the TQFT associated to the moduli space
of non-abelian monopoles [62]. Perturbative and non-perturbative methods have been
applied to this theory for the case of SU(2) as gauge group and one hypermultiplet
of matter in the fundamental representation [63]. In this case, again, it turns out
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that the generalized Donaldson invariants can be written in terms of Seiberg-Witten
invariants. It is not known at the moment which one is the situation for other groups
and representations but one would expect that in general the invariants associated to
non-abelian monopoles could be expressed in terms of some other simpler invariants,
being Seiberg-Witten invariants just the first subset of the full set of invariants.
In Table 1 we have depicted the present situation in three and four dimensions rela-
tive to Chern-Simons gauge theory and Donaldson-Witten theory, respectively. These
theories share some common features. Their topological invariants are labeled with
group-theoretical data: Wilson lines for different representations and gauge groups
(Jones polynomial and its generalizations), and non-abelian monopoles for different
representations and gauge groups (generalized Donaldson polynomials); these invari-
ants can be written in terms of topological invariants which are independent of the
group and representation chosen: Vassiliev invariants and Seiberg-Witten invariants.
This structure leads to the idea of universality classes [63, 72] of topological invariants.
In this respect Vassiliev invariants constitute a class in the sense that all Chern-Simons
or quantum group knot invariants for semi-simple groups can be expressed in terms of
them. Similarly, Seiberg-Witten invariants constitute another class since generalized
Donaldson invariants associated to several moduli spaces can be written in terms of
them. This certainly holds for the two cases described above but presumably it holds
for other groups. It is very likely that Seiberg-Witten invariants are the first set of a
series of invariants, each defining a universality class.
d = 3 d = 4
perturbative Vassiliev Donaldson
non-perturbative Jones Seiberg-Witten
Table 1: Topological invariants in the perturbative and the non-perturbative regimes
for d = 3 and d = 4.
These lectures are organized as follows. In sect. 2 we present a general intro-
duction to TQFT from a functional integral point of view. In sect. 3 we review the
Mathai-Quillen formalism and we discuss it in the context of supersymmetric quantum
mechanics and topological sigma models. In sect. 4 we introduce Donaldson-Witten
theory in the framework of the Mathai-Quillen formalism, and from the point of view
of twisting N = 2 supersymmetric Yang-Mills theory. We then discuss the compu-
tation of its observables from a perturbative point of view, showing its relation to
Donaldson invariants, and then from a non-perturbative one obtaining its expression
in terms of Seiberg-Witten invariants. This last analysis is done in two different ap-
proaches: in the abstract approach, based on the structure of N = 1 supersymmetric
Yang-Mills theory and valid only for Ka¨hler four-manifolds with H(2,0) 6= 0, and in the
concrete approach, based on the structure of N = 2 supersymmetric Yang-Mills the-
ory and valid for any four-manifold. Explicit expressions for Donaldson invariants are
collected for the case of SU(2) as gauge group and simply-connected four-manifolds
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with b+2 > 1. In sect. 5 we describe the generalizations of Donaldson-Witten theory
and review, for simply-connected four-manifolds with b+2 > 1, the structure of the
vacuum expectation values of its observables for the case of SU(2) as gauge group
and one hypermultiplet in the fundamental representation. Finally, in sect. 6 we
include some final remarks.
Before entering into the core of these lectures let us recall that excellent reviews on
TQFTs are already available [21, 30, 24, 37]. In these lectures we have mainly concen-
trated on subjects not covered in those reviews though, trying to be self-contained,
some overlapping is unavoidable. There are also good reviews on Seiberg-Witten
invariants [34, 69, 75, 96] from a mathematical perspective.
4
2 Topological Quantum Field Theory
In this section we present the general structure of TQFT from a functional integral
point of view. As in ordinary quantum field theory, the functional integration involved
is not in general well defined. Similarly to that case this has led to the construction of
an axiomatic approach [14]. In these lectures, however, we are not going to describe
this approach. We will concentrate on the functional integral point of view. Although
not well defined in general, this is the approach which has shown to be more successful.
Our basic topological space will be an n-dimensional Riemannian manifold X
endowed with a metric gµν . On this space we will consider a set of fields {φi},
and a real functional of these fields, S(φi), which will be regarded as the action of
the theory. We will consider operators, Oα(φi), which will be in general arbitrary
functionals of the fields. In TQFT these functionals are labeled by some set of indices
α carrying topological or group-theoretical data. The vacuum expectation value (vev)
of a product of these operators is defined as the following functional integral:
〈Oα1Oα2 · · ·Oαp〉 =
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi) exp (− S(φi)). (2.1)
A quantum field theory is considered topological if it possesses the following property:
δ
δgµν
〈Oα1Oα2 · · ·Oαp〉 = 0, (2.2)
i.e., if the vacuum expectation values (vevs) of some set of selected operators remain
invariant under variations of the metric gµν on X. If such is the case these operators
are called observables.
There are two ways to guarantee, at least formally, that condition (2.2) is satisfied.
The first one corresponds to the situation in which both, the action, S, as well as the
operators Oα, are metric independent. These TQFTs are called of Schwarz type
[21]. In the case of Schwarz-type theories one must first construct an action which
is independent of the metric gµν . The method is best illustrated by considering an
example. Let us take into consideration the most interesting case of this type of
theories: Chern-Simons gauge theory [89]. The data in Chern-Simons gauge theory
are the following: a differentiable compact three-manifoldM , a gauge group G, which
will be taken simple and compact, and an integer parameter k. The action is the
integral of the Chern-Simons form associated to a gauge connection A corresponding
to the group G:
SCS(A) =
∫
M
Tr(A ∧ dA+ 2
3
A ∧ A ∧ A). (2.3)
Observables are constructed out of operators which do not contain the metric
gµν . In gauge invariant theories, as it is the case, one must also demand for these
operators invariance under gauge transformations. An important set of observables in
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Chern-Simons gauge theory is constituted by the trace of the holonomy of the gauge
connection A in some representation R along a 1-cycle γ, i.e., the Wilson loop:
TrR(Holγ(A)) = TrRP exp
∫
γ
A. (2.4)
The vevs are labeled by representations, Ri, and embeddings, γi, of S
1 into M :
〈TrR1Pe
∫
γ1
A
. . .TrRnPe
∫
γn
A〉 =
∫
[DA]TrR1Pe
∫
γ1
A
. . .TrRnPe
∫
γn
A
e
ik
4pi
SCS(A). (2.5)
A non-perturbative analysis of Chern-Simons gauge theory [89] shows that the invari-
ants associated to the observables (2.5) are knot and link invariants of polynomial
type as the Jones polynomial [50] and its generalizations (HOMFLY [39], Kauffman
[52], Akutsu-Wadati [9], etc.). The perturbative analysis [46, 17, 2, 5] has also led
to this result and has shown to provide a very useful framework to study Vassiliev
invariants [54, 20, 18, 3, 4] (see [56] for a brief review).
An important set of theories of Schwarz type are the BF theories [48]. These
theories can be formulated in any dimension and are considered, as Chern-Simons
gauge theory, exactly solvable quantum field theories. We will not describe them in
these lectures. They have acquired importance recently since it has been pointed out
that four-dimensional Yang-Mills theories could be regarded as a deformation of these
theories [29]. It is important also to remark that Chern-Simons gauge theory plays
an important role in the context of the Ashtekar approach [11] to the quantization of
four-dimensional gravity [16, 42].
The second way to guarantee (2.2) corresponds to the case in which there exists
a symmetry, whose infinitesimal form will be denoted by δ, satisfying the following
properties:
δOα(φi) = 0, Tµν(φi) = δGµν(φi), (2.6)
where Tµν(φi) is the energy-momentum tensor of the theory, i.e.,
Tµν(φi) =
δ
δgµν
S(φi), (2.7)
and Gµν(φi) is some tensor.
The fact that δ in (2.6) is a symmetry of the theory means that the transforma-
tions, δφi, of the fields are such that both, δS(φi) = 0, and, δOα(φi) = 0. Conditions
(2.6) lead, at least formally, to the following relation for vevs:
δ
δgµν
〈Oα1Oα2 · · ·Oαp〉 = −
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi)Tµν exp (− S(φi))
= −
∫
[Dφi]δ
(
Oα1(φi)Oα2(φi) · · ·Oαp(φi)Gµν exp (− S(φi))
)
= 0, (2.8)
which implies that the quantum field theory can be regarded as topological. In
(2.8) it has been assumed that the action and the measure [Dφi] are invariant under
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the symmetry δ. We have assumed also in (2.8) that the observables are metric-
independent. This is a common situation in this type of theories, but it does not
have to be necessarily so. In fact, in view of (2.8), it would be possible to consider a
wider class of operators satisfying:
δ
δgµν
Oα(φi) = δOµνα (φi), (2.9)
with Oµνα (φi) a certain functional of the fields of the theory.
This second type of TQFTs are called cohomological or of Witten type [21, 90].
One of its main representatives is Donaldson-Witten theory [87], which can be re-
garded as a certain twisted version of N = 2 supersymmetric Yang-Mills theory. It
is important to remark that the symmetry δ must be a scalar symmetry. The reason
is that, being a global symmetry, the corresponding parameter must be covariantly
constant and for arbitrary manifolds this property, if it is satisfied at all, implies
strong restrictions unless the parameter is a scalar.
Most of the TQFTs of cohomological type satisfy the relation:
S(φi) = δΛ(φi), (2.10)
for some functional Λ(φi). This has far-reaching consequences, for it means that the
topological observables of the theory (in particular the partition function itself) are
independent of the value of the coupling constant. Indeed, let us consider for example
the vev:
〈Oα1Oα2 · · ·Oαp〉 =
∫
[Dφi]Oα1(φi)Oα2(φi) · · ·Oαp(φi) exp (−
1
g2
S(φi)). (2.11)
Under a change in the coupling constant, 1/g2 → 1/g2 −∆, one has (assuming that
the observables do not depend on the coupling), up to first order in ∆:
〈Oα1Oα2 · · ·Oαp〉−→〈Oα1Oα2 · · ·Oαp〉
+ ∆
∫
[Dφi]δ
[
Oα1(φi)Oα2(φi) · · ·Oαp(φi)Λ(φi) exp (−
1
g2
S(φi))
]
= 〈Oα1Oα2 · · ·Oαp〉. (2.12)
Hence, observables can be computed either in the weak coupling limit, g → 0, or in
the strong coupling limit, g →∞.
So far we have presented a rather general definition of TQFT and made a series
of elementary remarks. Now we will analyze some aspects of its structure. We begin
pointing out that given a theory in which (2.6) holds one can build correlators which
correspond to topological invariants (in the sense that they are invariant under de-
formations of the metric gµν) just by considering the operators of the theory which
are invariant under the symmetry. We will call these operators observables. Actually,
7
to be more precise, we will call observables to certain classes of those operators. In
virtue of eq. (2.8), if one of these operators can be written as a symmetry transfor-
mation of another operator, its presence in a correlation function will make it vanish.
Thus we may identify operators satisfying (2.6) which differ by an operator which
corresponds to a symmetry transformation of another operator. Let us denote the set
of the resulting classes by {Φ}. Actually, in general, one could identify bigger sets of
operators since two operators of which one of them does not satisfy (2.6) could lead
to the same invariant if they differ by an operator which is a symmetry transforma-
tion of another operator. For example, consider O such that δO = 0 and O + δΓ.
Certainly, both operators lead to the same observables. But it may well happen that
δ2Γ 6= 0 and therefore we have operators which do not satisfy (2.6) that must be
identified. The natural way out is to work equivariantly, which in this context means
that one must consider only operators which are invariant under both, δ and δ2. In
turns out that in most of the cases (and in particular, in all the cases that we will be
considering) δ2 is a gauge transformation, so in the end all that has to be done is to
restrict the analysis to gauge-invariant operators, a very natural requirement. Hence,
by restricting the analysis to the appropriate set of operators, one has that in fact,
δ2 = 0. (2.13)
Property (2.13) has striking consequences on the features of TQFT. First, the
symmetry must be odd which implies the presence in the theory of commuting and
anticommuting fields. For example, the tensor Gµν in (2.6) must be anticommuting.
This is the first appearance of an odd non-spinorial field in TQFT. Those kinds of
objects are standard features of cohomological TQFTs. Second, if we denote by Q
the operator which implements this symmetry, the observables of the theory can be
described as the cohomology classes of Q:
{Φ} = kerQ
ImQ
, Q2 = 0. (2.14)
Equation (2.6) means that in addition to the Poincare group the theory possesses
a symmetry generated by an odd version of the Poincare group. The corresponding
odd generators are constructed out of the tensor Gµν in much the same way as the
ordinary Poincare generators are built out of Tµν . For example, if Pµ represents the
ordinary momentum operator, there exists a corresponding odd one Gµ such that,
Pµ = {Q,Gµ}. (2.15)
Let us discuss the structure of the Hilbert space of the theory in virtue of the
symmetries that we have just described. The states of this space must correspond to
representations of the algebra generated by the operators in the Poincare groups and
by Q. Furthermore, as follows from our analysis of operators leading to (2.14), if one
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is interested only in states |Ψ〉 leading to topological invariants one must consider
states which satisfy,
Q|Ψ〉 = 0, (2.16)
and two states which differ by a Q-exact state must be identified. The odd Poincare
group can be used to generate descendant states out of a state satisfying (2.16). The
operators Gµ act non-trivially on the states and in fact, out of a state satisfying (2.16)
we can build additional states using this generator. The simplest case consists of,∫
γ1
Gµ|Ψ〉, (2.17)
where γ1 is a 1-cycle. One can easily verify using (2.6) that this new state satisfies
(2.16):
Q
∫
γ1
Gµ|Ψ〉 =
∫
γ1
{Q,Gµ}|Ψ〉 =
∫
γ1
Pµ|Ψ〉 = 0. (2.18)
Similarly, one may construct other invariants tensoring n operatorsGµ and integrating
over n-cycles γn: ∫
γn
Gµ1Gµ2 ...Gµn |Ψ〉. (2.19)
Notice that since the operator Gµ is odd and its algebra is Poincare-like the integrand
in this expression is an n-form. It is straightforward to prove that these states also
satisfy condition (2.16). Therefore, starting from a state |Ψ〉 ∈ kerQ we have built
a set of partners or descendants giving rise to a topological multiplet. The members
of a multiplet have well defined ghost number. If one assigns ghost number −1 to
the operator Gµ the state in (2.19) has ghost number −n plus the ghost number
of |Ψ〉. Of course, n is bounded by the dimension of the manifold X. Among the
states constructed in this way there may be many which are related via another state
which is Q-exact, i.e., which can be written as Q acting on some other state. Let us
try to single out representatives at each level of ghost number in a given topological
multiplet.
Consider an (n − 1)-cycle which is the boundary of an n-dimensional surface,
γn−1 = ∂Sn. If one builds a state taking such a cycle one finds (Pµ = −i∂µ),∫
γn−1
Gµ1Gµ2 ...Gµn−1 |Ψ〉 = i
∫
Sn
P[µ1Gµ2Gµ3 ...Gµn]|Ψ〉 = iQ
∫
Sn
Gµ1Gµ2 ...Gµn |Ψ〉,
(2.20)
i.e., it is Q-exact. The symbols [ ] in (2.20) denote that all indices between them
must by antisymmetrized. In (2.20) use has been made of (2.15). This result tells
us that the representatives we are looking for are built out of the homology cycles
of the manifold X. Given a manifold X, the homology cycles are equivalence classes
among cycles, the equivalence relation being that two n-cycles are equivalent if they
differ by a cycle which is the boundary of an n + 1 surface. Thus, knowledge on the
homology of the manifold on which the TQFT is defined allows us to classify the
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representatives among the operators (2.19). Let us assume that X has dimension d
and that its homology cycles are γin, in = 1, ..., dn, n = 0, ..., d, being dn the dimension
of the n-homology group, and d the dimension of X. Then, the non-trivial partners
or descendants of a given |Ψ〉 highest-ghost-number state are labeled in the following
way: ∫
γin
Gµ1Gµ2 ...Gµn |Ψ〉, in = 1, ..., dn, n = 0, ..., d. (2.21)
A similar construction to the one just described can be made for fields. Starting
with a field φ(x) which satisfies,
[Q, φ(x)] = 0, (2.22)
one can construct other fields using the operators Gµ. These fields, which we will call
partners or descendants are antisymmetric tensors defined as,
φ(n)µ1µ2...µn(x) =
1
n!
[Gµ1 , [Gµ2 ...[Gµn , φ(x)}...}}, n = 1, ..., d. (2.23)
Using (2.15) and (2.22) one finds that these fields satisfy the so-called topological
descent equations:
dφ(n) = i[Q, φ(n+1)}, (2.24)
where the subindices of the forms have been suppressed for simplicity, and the highest-
ghost-number field φ(x) has been denoted as φ(0)(x). These equations enclose all
the relevant properties of the observables which are constructed out of them. They
constitute a very useful tool to build the observables of the theory. Let us consider
an n-cycle and the following quantity:
W
(γn)
φ =
∫
γn
φ(n). (2.25)
The subindex of this quantity denotes the highest-ghost-number field out of which
the form φ(n) is generated. The superindex denotes the order of such a form as well as
the cycle which is utilized in the integration. Using the topological descent equations
(2.24) it is immediate to prove that W
(γn)
φ is indeed an observable:
[Q,W
(γn)
φ } =
∫
γn
[Q, φ(n)} = −i
∫
γn
dφ(n−1) = 0. (2.26)
Furthermore, if γn is a trivial homology cycle, γn = ∂Sn+1, one obtains that W
(γn)
φ is
Q-exact,
W
(γn)
φ =
∫
γn
φ(n) =
∫
Sn+1
dφ(n) = i
∫
Sn+1
[Q, φ(n+1)} = i[Q,
∫
Sn+1
φ(n+1)}, (2.27)
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and therefore its presence in a vev makes it vanish. Thus, similarly to the previous
analysis leading to (2.21), the observables of the theory are operators of the form
(2.25):
W
(γin )
φ , in = 1, ..., dn, n = 0, ..., d, (2.28)
where, as before, dn denotes the dimension of the n-homology group. Of course, these
observables are a basis of observables but one can make arbitrary products of them
leading to new ones.
One may wonder at this point how it is possible that there may be observables
which depend on the space-time position x and nevertheless lead to topological in-
variants. For example, an observable containing the zero form φ(0)(x) seems to lead
to vacuum expectation values which depend on x since the space-time position x is
not integrated over. A closer analysis, however, shows that this is not the case. As
follows from the topological descent equation (2.24), the derivative of φ(0)(x) with
respect to x is Q-exact and therefore such a vacuum expectation value is actually
independent of the space-time position.
The structure of observables described here is common to all cohomological TQFTs.
In these lectures we will review the cases of topological sigma models, and Donaldson-
Witten theory and its generalizations. In the first case the highest-ghost-number ob-
servables are built out of the cohomology of the target manifold of the sigma model. In
the second case they are obtained from the independent Casimirs of the gauge group
under consideration. Once the highest-ghost-number observables are identified, their
families are constructed solving the topological descent equations (2.24).
We will finish this section pointing out that there is a special set [23, 31, 25], of
cohomological TQFTs which play an important role when trying to analyze Euler
characters of some moduli spaces. The feature which characterizes these theories is
that they possess two topological symmetries. One of the most interesting examples
of this kind of theories is a twisted version of N = 4 supersymmetric Yang-Mills,
which has been used recently to carry out a test of S-duality in four dimensions.
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3 The Mathai-Quillen formalism
In the rest of these lectures we will restrict ourselves to cohomological TQFTs. These
theories can be constructed from supersymmetric theories. In fact, the first ex-
amples of TQFTs of this type, four-dimensional Donaldson-Witten theory [87] and
two-dimensional topological sigma models [88], were constructed starting from four-
dimensional N = 2 supersymmetric gauge theory and two-dimensional N = 2 su-
persymmetric sigma models, respectively. We will discuss their origin from super-
symmetric theories in a forthcoming section. In this section we will introduce them
within a more mathematical framework, the Mathai-Quillen formalism, which we first
discuss in its simplest form. We will follow a presentation similar to the one by Blau
and Thompson [24].
TQFTs of cohomological type are characterized by three basic data: fields, sym-
metries, and equations [90, 21, 30]. The starting point is a configuration space X ,
whose elements are fields φi defined on some Riemannian manifold X. These fields
are generally acted on by some group G of local transformations (gauge symmetries,
or a diffeomorphism group, among others), so one is naturally led to consider the
quotient space X /G. Within this quotient space, a certain subset or moduli space,
M, is singled out by a set of equations s(φi) = 0:
M = {φi ∈ X |s(φi) = 0}/G. (3.1)
Within this framework, the topological symmetry δ furnishes a representation of the
G-equivariant cohomology on the field space. When G is the trivial group, δ is nothing
but the de Rham operator on the field space.
The next step consists of building the topological theory associated to this moduli
problem. We will do this within the framework of the Mathai-Quillen formalism [74].
This formalism is the most geometric one among all the approaches leading to the
construction of TQFTs. It can be applied to any Witten-type theory. It was first
implemented in the context of TQFT by Atiyah and Jeffrey [15], and later further
developed in a series of works [22, 30]. The basic idea behind this formalism is the
extension to the infinite-dimensional case of ordinary finite-dimensional geometric
constructions. Soon after the formulation of the first TQFTs it became clear that the
partition function of these theories was related to the Euler class of a certain bundle
associated to the space of solutions of the basic equations of the theory. In the finite-
dimensional case there are many different, though equivalent, forms of thinking on
the Euler class, which we will recall bellow. The Mathai-Quillen formalism basically
consists of generalizing one of these forms to the infinite-dimensional case. In what
follows we will give a brief account on the fundamentals of the construction. For
further details, we refer the reader to [30, 24], where excellent reviews on this approach
are presented.
12
3.1 Finite-dimensional case
Let X be an orientable, boundaryless, compact n-dimensional manifold. Let us con-
sider an orientable vector bundle E → X of rank rk(E) = 2m ≤ n over X. For
completeness we recall that a vector bundle E , with a 2m-dimensional vector space
F as fibre, over a base manifold X, is a topological space with a continuous projec-
tion, π : E → X, such that, ∀x ∈ X, ∃Ux ⊂ X, open set, x ∈ Ux, E is a product
space, Ux×F , when restricted to Ux. This means that there exists a homeomorphism
ϕ : Ux × F → π−1(U) which preserves the fibres, i.e., π(ϕ(x, f)) = x, with f ∈ F .
There exist two complementary ways of defining the Euler class of E , e(E) ∈
H2m(X):
1. In terms of sections. A section s of E is a map s : X → E such that π(s(x)) = x.
A generic section is one which is transverse to the zero section, and which
therefore vanishes on a set of dimension n− 2m. In this context e(E) shows up
as the Poincare dual (in X) of the homology class defined by the zero locus of
a generic section of E .
2. In terms of characteristic classes. The approach makes use of the Chern-Weil
theory, and gives a representative e∇(E) of e(E) associated to a connection ∇
in E ,
e∇(E) = (2π)−mPf(Ω∇), (3.2)
where Pf(Ω∇) stands for the Pfaffian of the curvature Ω∇, which is an anti-
symmetric matrix of two-forms. The representative e∇(E) can be written in
“field-theoretical” form:
e∇(E) = (2π)−m
∫
dχe
1
2
χaΩab∇ χb , (3.3)
by means of a set of real Grassmann-odd variables χa, a = 1, . . . , 2m, satisfying
the Berezin rules of integration: ∫
dχaχb = δab. (3.4)
If rk(E) = 2m = n = dim(X), one can evaluate e(E) on X to obtain the Euler
number of E in two different ways:
χ(E)= ∑
xk:s(xk)=0
(±1),
χ(E)=
∫
X
e∇(E).
(3.5)
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In the first case, one counts signs at the zeroes of a generic section. In the second
case, an integration of the differential form (3.2) is performed. Of course, both results
coincide, and do not depend either on the section s (as long as it is generic) or on
the connection ∇. When 2m < n one can evaluate e(E) on 2m-cycles or equivalently
take the product with elements of Hn−2m(X) and evaluate it on X.
In the particular case that E ≡ TX the expression χ(E) = ∑xk:s(xk)=0(±1), which
gives the Euler number of the base manifold X, can be generalized to a non-generic
vector field V (which is a section of the tangent bundle),
χ(X) = χ(XV ), (3.6)
where XV is the zero locus of V , which is not necessarily zero-dimensional.
In this framework the Mathai-Quillen formalism gives a representative of the Euler
class, es,∇(E), which interpolates between the two approaches sketched above. It
depends explicitly on both, a section, s, and a connection, ∇, on E :
es,∇(E) ∈ [e(E)],
χ(E)=
∫
X
es,∇(E), (if 2m = n). (3.7)
The construction of es,∇ is given by the formalism. First, it provides an explicit
representative of the Thom class [27], Φ(E), of E . Let E → X be a vector bundle of
rank 2m with fibre F , and let us consider the cohomology of forms with Gaussian
decay along the fibre. By integrating the form along the fibre one has an explicit
isomorphism (the Thom isomorphism) between k forms over E and k−2m forms over
X. This isomorphism can be made explicit with the aid of the Thom class, whose
representative, Φ(E), is a closed 2m-form over E with Gaussian decay along the fibre
such that its integral over the fibre is unity. In terms of this form, and given any
arbitrary p-form ω over X, its image under the Thom isomorphism is the p+2m form
π∗(ω)∧Φ(E), which by construction has Gaussian decay along the fibre. π∗(ω) is the
pull-back of ω by the projection π : E → X. If s is any section of E , the pull-back
of the Thom form under s, s∗Φ(E), is a closed form in the same cohomology class
as the Euler class e(E). If s is a generic section, then s∗Φ(E) is the Poincare dual
of the zero locus of s. Mathai and Quillen constructed an explicit representative,
Φ∇(E), of the Thom form in terms of a connection ∇ in E . Its pullback by a section
s, es,∇(E) = s∗Φ∇(E), is represented as a Grassmann integral:
es,∇(E) = (2π)−m
∫
dχe−
1
2
|s|2+ 1
2
χaΩab∇ χb+i∇s
aχa . (3.8)
As a consistency check note that, as follows from (3.3), es=0,∇(E) = e∇(E), i.e., the
pull-back of the Mathai-Quillen representative by the zero section gives back the Euler
class of E . es,∇(E) is a closed 2m-form. This can be verified after integrating over the
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Grassmann-odd variables χa. It is closed because the exponent is invariant under the
transformations:
δs = ∇s, δχa = isa. (3.9)
It is possible to find a nice physics-like form for es,∇(E). To this end we introduce
grassmann odd real variables ψµ with the correspondence:
dxµ ↔ ψµ, (3.10)
ω =
1
p!
ωµ1···µpdx
µ1 ∧ · · · ∧ dxµp ↔ ω(ψ) = 1
p!
ωµ1···µpψ
µ1 · · ·ψµp . (3.11)
The integral over X of a top-form, ω(n), is therefore given by a simultaneous conven-
tional integration over X and a Berezin integration over the ψ’s:∫
X
ω(n) =
∫
X
dx
∫
dψ ω(n)(ψ). (3.12)
In this language, the Mathai-Quillen representative (3.8) can be rewritten as:
es,∇(E)(ψ) = (2π)−m
∫
dχe−
1
2
|s|2+ 1
2
χaΩab∇ (ψ)χb+i∇s
a(ψ)χa , (3.13)
and, for example, in the case n = 2m, one has the following expression for the Euler
number of E :
χ(E) = (2π)−m
∫
X
dxdψdχe−
1
2
|s|2+ 1
2
χaΩab∇ (ψ)χb+i∇s
a(ψ)χa . (3.14)
It is worth to remark that (3.14) looks like the partition function of a field theory
whose “action” is:
A(x, ψ, χ) =
1
2
|s|2 − 1
2
χaΩ
ab
∇ (ψ)χb − i∇sa(ψ)χa. (3.15)
This action is invariant under the transformations:
δxµ = ψµ, δψµ = 0, δχa = isa. (3.16)
We mentioned above that the Mathai-Quillen representative interpolates between
the two different approaches to the Euler class of a vector bundle. This statement
can be made more precise as follows. The construction of es,∇(E) is such that it is
cohomologous to e∇(E) for any choice of a generic section s. Take for example the
case n = 2m, and rescale s→ γs. Nothing should change, so in particular:
χ(E) =
∫
X
eγs,∇(E). (3.17)
We can now study (3.17) in two different limits:
15
1. Limit γ → 0: after using (3.3), χ(E) = (2π)−m ∫ Pf(Ω∇).
2. Limit γ → ∞: the curvature term in (3.14) can be neglected, leading to
χ(E) = ∑xk:s(xk)=0(±1). These signs are generated by the ratio of the de-
terminants of ∇s and its modulus, which result from the Gaussian integrations
after expanding around each zero xk.
Hence, we recover from this unified point of view the two complementary ways to
define the Euler class described at the beginning of the section.
Let us work out an explicit example. To be definite we will consider E = TX.
The section s is taken as a vector field V on X, which we assume to be generic. The
action (3.15), after rescaling V → γV , takes the form:
A(x, ψ, χ) =
1
2
γ2gµνV
µV ν − 1
4
χaR
ab
µνψ
µψνχb − iγ∇µV νψµeaνχa. (3.18)
To compute (3.14) in the limit γ → ∞ we expand around the zeroes, xk, of V
(V µ(xk) = 0):
χ =
∑
xk
∫
X
dxdψdχ(2π)−me−
1
2
γ2gµν∂σV
µ∂ρV
νxσxρ+ 1
4
χaR
ab
µνψ
µψνχb+iγ∂µV
νψµeaνχa . (3.19)
Next, we rescale the variables in the following way:
x→ γ−1x,
dx→ γ−1dx,
ψ→ γ− 12ψ,
dψ→ γ 12dψ, (3.20)
χ→ γ− 12χ,
dχ→ γ 12dχ.
Notice that the measure is invariant under this rescaling. Using the shorthand nota-
tion for the Hessian, H(k)µσ = ∂σV
µ|xk , one finds, after taking the limit γ →∞:
χ =
∑
xk
∫
X
dxdψdχ(2π)−me−
1
2
gµνH
(k)µ
σ H
(k)ν
ρ x
σxρ+iH
(k)ν
µ ψ
µeaνχa
=
∑
xk
(2π)−m
(
√
2π)2m√
g|det H(k)|
e
(2m)!
(2m)!det H(k) =
∑
xk
det H(k)
|det H(k)| , (3.21)
which indeed corresponds to the Euler number of X in virtue of the Poincare-Hopf
theorem.
It is possible to introduce auxiliary fields in the formulation. In the example under
consideration, after using,
e−
1
2
γ2gµνV
µV ν =
γ2m
√
g
(2π)m
∫
dBe−
1
2
γ2(gµνBµBν+2iBνV ν), (3.22)
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being Bµ an auxiliary field, the Euler number resulting from (3.18) can be rewritten
as:
χ =
∫
X
dxdψdχdB
γ2m
√
g
(2π)2m
e−
1
2
γ2(gµνBµBν+2iBνV ν)+
1
4
χaR
ab
µνψ
µψνχb+iγ∇µV
νψµeaνχa. (3.23)
Making the redefinitions:
ψµ→ γ 12ψµ,
dψ→ (γ− 12 )2mdψ,
χa→ γ 12eaµψ¯µ, (3.24)
dχ→ (γ− 12 )2m 1√
g
dψ¯,
one obtains:
χ =
∫
X
dxdψdψ¯dB
1
(2π)2m
e−γ
2( 1
2
gµν(BµBν+2iBµV ν)−
1
4
Rρσµν ψ¯ρψ¯σψ
µψν−i∇µV νψµψ¯ν). (3.25)
This looks like the partition function of a topological quantum field theory, in which
g = 1/γ plays the role of the coupling constant. Furthermore, the exponent of (3.25)
is invariant under the symmetry:
δxµ=ψµ,
δψµ=0,
δψ¯µ=Bµ, (3.26)
δBµ=0.
Notice that δ2 = 0. In fact, one easily finds that the exponent is indeed δ-exact:
χ =
∫
X
dxdψdψ¯dB
1
(2π)2m
e−γ
2δ( 1
2
ψ¯µ(Bµ+2iV µ+Γστν ψ¯σψ
νgµτ ).). (3.27)
This result makes possible to use field-theoretical arguments to conclude that χ is
independent of the coupling γ and of the metric gµν .
The Mathai-Quillen formalism can be recasted in a conventional BRST language
in which Ψ = 1
2
ψ¯µ(B
µ + 2iV µ + Γστνψ¯σψ
νgµτ ) plays the role of a gauge fermion, and
the exponent of (3.27) can be regarded as an action A = δΨ. In many situations one
has the general pattern:
Ψ = χa( s
a︸︷︷︸
section
+ θabχb︸ ︷︷ ︸
connection
+ Ba︸︷︷︸
auxiliary
). (3.28)
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In order to fully understand the construction, let us be more specific with our
example. Consider the two-sphere S2 with the standard parametrization:
α : (0, π)× (0, 2π)−→R3,
(θ, ϕ) −→ (sin θ cosϕ, sin θ sinϕ, cos θ). (3.29)
In terms of these coordinates, we have the relations:
ds2 = dθ2 + sin2 θdϕ2, gµν =
(
1 0
0 sin2 θ
)
, (3.30)
and the following values for the Christoffel symbol (Γλµν =
1
2
gλσ(∂(µgν)σ − ∂σgµν)),
Γθθθ=Γ
ϕ
ϕϕ = Γ
ϕ
θθ = Γ
θ
θϕ = 0,
Γθϕϕ=− sin θ cos θ, Γϕθϕ =
cos θ
sin θ
. (3.31)
Let us pick an orthonormal frame:
eµa =
(
1 0
0 1
sin θ
)
, eaµ =
(
1 0
0 sin θ
)
, (3.32)
where the vielbeins satisfy the standard relations: eµae
ν
bgµν = δab, e
a
µe
b
νδab = gµν . The
Riemann curvature tensor (Rλµνκ = ∂[κΓ
λ
ν]µ + Γ
τ
µ[νΓ
λ
κ]τ) in (θ, ϕ) coordinates is given
by:
Rθϕϕθ = sin
2 θ, (3.33)
while the curvature two-form Ωab takes the form:
Ω12 = R12ϕθdϕ ∧ dθ = e1θe2ϕgϕϕRθϕϕθdϕ ∧ dθ = sin θdϕ ∧ dθ. (3.34)
Next let us consider the vector field1 :
V a = (sinϕ, cosϕ cos θ)→ V µ = (sinϕ, cosϕ cot θ). (3.35)
This vector field has zeroes at ϕ = 0, θ = pi
2
and ϕ = π, θ = pi
2
. The components of
the form ∇V a are:
∇θV ϕ = − cosϕ, ∇ϕV θ = sin2 θ cosϕ, ∇θV θ = ∇ϕV ϕ = 0, (3.36)
or, alternatively,
∇θV a = eaµ∇θV µ = (0,− cosϕ sin θ), ∇ϕV a = eaµ∇ϕV µ = (cosϕ sin θ, 0), (3.37)
1This vector field is actually equivalent to the one considered in [24] but with a better choice of
coordinates for our purposes.
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and therefore,
∇V a = (sin2 θ cosϕdϕ,− cosϕ sin θdθ). (3.38)
The Euler class representative,
eV,∇(TS
2) =
1
2π
∫
dχ1dχ2e
− 1
2
V aV a+ 1
2
χaΩab∇ χb+i∇V
aχa , (3.39)
after performing the rescaling V a → γV a,
−1
2
V aV a +
1
2
χaΩ
ab
∇χb + i∇V aχa −→
−γ
2
2
(sin2 θ + cos2 ϕ cos2 θ)− χ1χ2 sin θdθ ∧ dϕ
+iγ(sin2 θ cosϕdϕχ1 − cosϕ sin θdθχ2), (3.40)
becomes:
eV,∇(TS
2) =
1
2π
e−
γ2
2
(sin2 θ+cos2 ϕ cos2 θ) sin θ(1 + γ2 cos2 ϕ sin2 θ)dθ ∧ dϕ. (3.41)
The Euler number of S2 is given by the integral:
χ(S2) =
1
2π
2pi∫
0
dϕ
pi∫
0
dθ sin θe−
γ2
2
(sin2 θ+cos2 ϕ cos2 θ)(1 + γ2 cos2 ϕ sin2 θ). (3.42)
Although γ appears explicitly in this expression, the result of the integration should
be independent of γ. The reader is urged to prove it (we do not know of any analytical
proof, we have only numerical evidence). One can perform, however, two independent
checks. On the one hand, in the limit γ → 0, (3.42) gives trivially the correct result,
χ(S2) = 2. On the other hand, one can explore the opposite limit, γ → ∞, where
the integral,
χ(S2) =
∫
S2
dx
∫
dψ1dψ2
∫
dχ1dχ2
1
2π
e−A(x,ψ,χ), (3.43)
with A(x, ψ, χ) = 1
2
V aV a − 1
2
χaΩ
ab
∇χb − i∇V aχa, is dominated by the zeroes of V a.
We expand around them:
(a) θ = pi
2
+ x, ϕ = 0 + y. We get:
V aV a = sin2 ϕ+ cos2 ϕ cos2 θ= x2 + y2 + · · ·
1
4
χaR
ab
µνψ
µψνχb = χ1χ2ψ
θψϕR12θϕ=sin θχ1χ2ψ
θψϕ = (1− x
2
2
+ · · ·)χ1χ2ψθψϕ
∇µV νψµeaνχa = − cosϕ sin θψθχ2+cosϕ sin2 θψϕχ1 = −ψθχ2 + ψϕχ1 + · · ·
(3.44)
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Next, performing the rescaling:
x, y→ γ−1x, γ−1y,
ψµ→ γ− 12ψµ, (3.45)
χa→ γ− 12χa,
we obtain:
1
2π
∫
dxdy e−
1
2
(x2+y2)
∫
dχ1dχ2dψ
θdψϕei(−ψ
θχ2+ψϕχ1) = 1. (3.46)
(b) Similarly, expanding around the second zero, θ = pi
2
+ x, ϕ = π + y, one finds
the contribution:
1
2π
∫
dxdye−
1
2
(x2+y2)
∫
dχ1dχ2dψ
θdψϕei(ψ
θχ2−ψϕχ1) = 1. (3.47)
Therefore, in the limit γ →∞ we have reproduced the behavior described in (3.21),
χ(S2) =


det
(
0 −1
1 0
)
∣∣∣∣det
(
0 −1
1 0
)∣∣∣∣
+
det
(
0 1
−1 0
)
∣∣∣∣det
(
0 1
−1 0
)∣∣∣∣

 = 2. (3.48)
3.2 Infinite-dimensional case
We now turn into the study of the infinite-dimensional case. The main complication
that one finds in this case is that e(E) is not defined. By taking advantage of what
we have learned so far, we could try to use the Mathai-Quillen formalism to define
something analogous to an Euler class for E . It turns out that this is actually possible.
The outcome of the construction is what is called a regularized Euler number for
the bundle E . Unfortunately, it depends explicitly on the section chosen for the
construction, so it is important to make good selections.
The outline of the construction is as follows. First recall that, as stated in (3.6),
in the finite-dimensional case χ(X) = χ(XV ) when V is non-generic, i.e., when its
zero locus, XV , has dimension dim(XV ) < 2m. For X infinite dimensional the idea
is to introduce a vector field V with finite-dimensional zero locus. The regularized
Euler number of E would be then defined as:
χV (X) = χ(XV ), (3.49)
which explicitly depends on V . By analogy with the finite-dimensional case one
expects that:
χV (X) =
∫
X
eV,∇(TX), (3.50)
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as a functional integral, where eV,∇(TX) is meant to be the Mathai-Quillen represen-
tative for the corresponding Euler class.
In general, the regularized Euler number χs(E) of an infinite-dimensional vector
bundle E is given by:
χs(E) =
∫
X
es,∇(E), (3.51)
where es,∇(E) is given by the Mathai-Quillen formalism. The construction of es,∇(E)
will be illustrated by the description of several examples. This construction follows
the pattern of the finite dimensional case. Before entering into the discussions of
these examples it is important to remark that equation (3.51) makes sense when
the zero locus of s, Xs, is finite dimensional. χs(E) is the Euler number of some
finite-dimensional vector bundle over Xs, and it corresponds to the regularized Euler
number of the infinite-dimensional bundle E . Of course, χs(E) depends on s, but if s
is naturally associated to E one expects to obtain interesting topological information.
3.2.1 Supersymmetric quantum mechanics
Let X be a smooth, orientable, Riemannian manifold with metric gµν . The loop
space, LX, is defined by the set of smooth maps:
x : S1→X,
t ∈ [0, 1]→xµ(t), (3.52)
xµ(0) = xµ(1).
Let us denote by T (LX) the tangent vector bundle to LX, with fibre F = Tx(LX) =
Γ(x∗(TX)). A vector field over LX has the form:
V (x) =
∮
dtV µ(x(t))
∂
∂xµ(t)
. (3.53)
The metric on X provides a natural metric for Tx(LX): let V1, V2 ∈ Tx(LX), then,
gˆx(V1, V2) =
∮
dtgµν(x(t))V
µ
1 (x(t))V
ν
2 (x(t)). (3.54)
The Levi-Civita connection on LX is the pullback connection from X:
∇V =
∮
dt1dt2
[
δV µ(x(t1))
δxν(t2)
+ Γµνλ(x(t2))V
λ(x(t1))δ(t1 − t2)
]
∂
∂xµ(t1)
⊗ dˆxν(t2),
(3.55)
where {∂/∂xµ(t)} is a basis of Tx(LX), and {dˆxν(t)} is a basis of T ∗x (LX). Let us
consider the vector field:
V µ(x) =
d
dt
xµ ≡ x˙µ. (3.56)
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The zero locus of V is the space of constant loops, (LX)V = X. Therefore, the
regularized Euler number of LX is the Euler number of X itself:
χV (LX) = χ((LX)V ) = χ(X). (3.57)
Let us construct the Mathai-Quillen representative for this Euler number following
the same procedure as in the finite-dimensional case:
Finite
Dimensional
Case


χ =
∫
X
dxdψdψ¯dB 1
(2pi)2m
e−γ
2δΨ(x,ψ,ψ¯,B),
Ψ(x, ψ, ψ¯, B) = 1
2
ψ¯µ(B
µ + 2iV µ + Γστνψ¯σψ
νgµτ ),
δxµ = ψµ, δψµ = 0,
δψ¯µ = Bµ, δBµ = 0.
Supersymmetric
Quantum
Mechanics


χV =
∫
LX
dxdψdψ¯dB 1
(2pi)2m
e−γ
2δΨ(x,ψ,ψ¯,B),
Ψ(x, ψ, ψ¯, B) = 1
2
∮
dtψ¯µ(B
µ + 2ix˙µ + Γστνψ¯σψ
νgµτ),
δxµ(t) = ψµ(t), δψµ(t) = 0,
δψ¯µ(t) = Bµ(t), δBµ(t) = 0.
(3.58)
In order to evaluate χV (LX) we first integrate out the auxiliary fields in the action
in (3.58). One finds:
χV =
∫ dxdψdψ¯
(2π)m
1√
gγ2m
e−γ
2
∮
dt[ 12gµν x˙
µx˙ν−iψ¯∇tψ−
1
4
Rρσµν ψ¯ρψ¯σψ
µψν], (3.59)
where,
∇tψµ = ψ˙µ + Γµνσψσx˙ν . (3.60)
The action in the exponential of (3.59) is precisely the action corresponding to su-
persymmetric quantum mechanics [86]. The δ-transformations become:
δxµ = ψµ, δψµ = 0, δψ¯µ = −igµν x˙ν − Γσµνψ¯σψν , (3.61)
which close only on-shell, i.e., δ2 = 0, modulo field equations. As discussed below,
they can be regarded as supersymmetry transformations.
At this point it is convenient to discuss an additional symmetry which is present
in the systems under consideration: the ghost number symmetry. The δ-symmetry is
compatible with the following ghost number assignment:
δ x ψ ψ¯ B
1 0 1 −1 0
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The action is ghost number invariant, as it is the measure itself. In fact, #ψ-zero
modes = #ψ¯-zero modes, i.e., dim(ker∇t) = dim(coker∇t). ker∇t corresponds to the
tangent space at a constant bosonic mode, i.e., the tangent space at the zero-locus of
a section or moduli space: if x˙µ = 0 and xµ → xµ + δxµ then,
d
dt
δxµ = 0⇔∇tδxµ|x˙µ=0 = 0. (3.62)
Thus ker∇t provides the directions in which a given bosonic zero-mode can be de-
formed into a nearby bosonic zero-mode. The ghost number symmetry is potentially
anomalous. In this case:
Ghost number anomaly = dim(ker∇t)− dim(coker∇t) = 0, (3.63)
but in general it does not vanish.
Let us compute χV (LX) in the limit γ → ∞. In this limit the exact result is
obtained very simply by considering the expansion of the exponential around bosonic
and fermionic zero modes:
• Bosonic part: x˙µ = 0→ xµ constant
• Fermionic part:
{
ψµ(t) = ψµ + non-zero modes
ψ¯µ(t) = ψ¯µ + non-zero modes
The integration over the non-zero modes is trivial since the δ symmetry implies that
the ratio of determinants is equal to 1. The integration over the zero modes gives:
χV =
∫
X
dx
(2π)−m
γ2m
√
g
∫  2m∏
µ=1
dψµ

 [ 2m∏
ν=1
dψ¯ν
]
eγ
2 1
4
Rρσµν ψ¯ρψ¯σψ
µψν
=
∫
X
1
γ2m(2π)m
∫ ( 2m∏
a=1
dχa
)
e
γ2
2
χaΩabχb =
∫
X
1
(2π)m
Pf(Ωab)
=χ(X) (3.64)
where χa = e
µ
a ψ¯µ.
In the general case, the measure is not ghost-number invariant. To get a non-
vanishing functional integral one needs to introduce operators with non-zero ghost
number. Knowledge of the ghost number anomaly gives information on the possible
topological invariants, i.e., on the possible non-vanishing vacuum expectation values
of the theory, so in the end it provides a selection rule. In the most interesting
situations the ghost number anomaly is given by the index of some operator in the
theory. In general, the bosonic zero-modes provide the zero-locus of the section,
whereas the fermionic zero-modes are related to the possible deformations of the
bosonic zero-modes.
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To finish this quick tour through supersymmetric quantum mechanics, it is inter-
esting to recall that χV can be computed using Hamiltonian methods [85, 6, 40]. The
expression (3.59) possesses a second δ-like symmetry, δ¯:
δxµ =ψµ, δ¯xµ = ψ¯µ,
δψµ=0, δ¯ψ¯µ=0,
δψ¯µ=−igµν x˙ν − Γσµνψ¯σψν , δ¯ψµ=−igµν x˙ν − Γσµνψσψ¯ν ,
(3.65)
One finds, after using the field equations, that:
δ2 = 0, δ¯2 = 0, δδ¯ + δ¯δ =
d
dt
, (3.66)
which, in terms of operators,
δ ↔ Q, δ¯ ↔ Q¯, d
dt
↔ H, (3.67)
(H stands for the Hamiltonian operator) implies that:
Q2 = Q¯2 = 0, {Q, Q¯} = QQ¯+ Q¯Q = H, (3.68)
which is the standard supersymmetry algebra for 0+1-supersymmetric field theories.
We can carry out explicitly the canonical quantization of the theory by imposing the
canonical commutation relations:
{ψ¯µ, ψν} = gµν , {ψµ, ψν} = {ψ¯µ, ψ¯ν} = 0. (3.69)
From these equations it is natural to interpret ψ¯ as fermion creation operators. In
view of this, we have the following structure on the Hilbert space:


–States with one fermion: ωµ(x)ψ¯
µ|Ω〉,
–States with two fermions: ωµν(x)ψ¯
µψ¯ν |Ω〉,
...
–States with n fermions: ωµ1,...,µn(x)ψ¯
µ1 · · · ψ¯µn |Ω〉,
(3.70)
being |Ω〉 the Clifford vacuum. The Hilbert space of our system is thus Ω∗(X), the
set of differential forms on X. Q and Q¯ are represented on this Hilbert space by the
exterior derivative and its adjoint,
Q↔ d, Q¯↔ d+, (3.71)
therefore, the Hamiltonian is the Hodge-de Rham Laplacian on X:
H = dd+ + d+d = ∆. (3.72)
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The zero-energy states are in one-to-one correspondence with the harmonic forms on
X. After rescaling the parameter t and the fermionic fields by,
t→ γ2t, ψ¯ → γ−1ψ¯, ψ → γ−1ψ, (3.73)
the partition function (3.59) takes the form:
χV =
∫
dxdψdψ¯
(2π)m
γ2m√
g
e−
∮ 1/γ2
0
dt[ 12 gµν x˙µx˙ν−iψ¯∇tψ−
1
4
Rρσµν ψ¯ρψ¯σψ
µψν], (3.74)
Using heat-kernel techniques [6, 40] one finds:
χV = Tr
[
(−1)F e− 1γ2H
]
, (3.75)
where F is the fermion number operator. In the limit γ → 0 only the zero-modes of
H survive and therefore one must count harmonic forms with signs, which come from
(−1)F , leading to the result:
χV =
2m∑
k=0
(−1)kbk = χ(X), (3.76)
(bk are the Betti numbers of X) in perfect agreement with our previous calculation.
Actually, due to supersymmetry, for each non-zero energy bosonic mode there
is a fermionic one with the same energy which cancels its contribution to (3.75).
Therefore, the computation performed in the Hamiltonian formalism holds for any γ.
3.2.2 Topological sigma models
Our next example of TQFT was introduced by Witten [88] as a twisted version of the
N = 2 supersymmetric sigma model in two dimensions. Here we will briefly analyze
it within the framework of the Mathai-Quillen formalism. The model, in its more
general form, is defined in terms of a smooth, almost-hermitian manifold X, with
metric Gmn and almost-complex structure J
i
j satisfying:
J ijJ
j
k = −δik, GijJ ikJ jm = Gkm. (3.77)
Let us consider the set of smooth maps from a Riemann surface Σ to X, φ : Σ→ X,
and the vector bundle E → Σ with fibre F = Γ(T ∗(Σ) ⊗ φ∗(TX))+, where by + we
denote the self-dual part, i.e., if ̺iα ∈ F , then ̺iα is self-dual, i.e., ̺iαJ j iǫβα = ̺jβ. The
choice of section in E is the following:
s(φ)iα = ∂αx
i + J ijǫα
β∂βx
j . (3.78)
Notice that it satisfies the self-duality condition s(φ)jβ = s(φ)
i
αJ
j
iǫβ
α.
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We will restrict the discussion to the simplest case in which the manifold X is
Ka¨hler. Following the general pattern (3.28), the gauge fermion is given by:
Ψ(φ, χ, ̺, B) =
1
2
∫
Σ
d2σ
√
h
[
̺αµ(B
µ
α + 2is
µ
α + Γ
µ
νσχ
ν̺σα)
]
. (3.79)
The model is invariant under the symmetry transformations:
δxµ = χµ, δ̺µα = B
µ
α,
δχµ = 0, δBµα = 0. (3.80)
After integrating out the auxiliary fields the action (A = δΨ) reads:
A(φ, χ, ̺) =
∫
Σ
d2σ
√
h
(
1
2
Gµνh
αβ∂αx
µ∂βx
ν +
1
2
ǫαβJµν∂αx
µ∂βx
ν
−ihαβGµν̺µαDβχν −
1
8
hαβRµνστ̺
µ
α̺
ν
βχ
σχτ
)
(3.81)
where Dαχµ = ∂αχµ + Γµνσ∂αxνχσ.
Rewriting (3.78) in terms of holomorphic indices, α → (z, z¯), and i → (I, I¯), the
equation for the zero locus of the section becomes:
∂αx
i + J ijǫα
β∂βx
j = 0→ ∂z¯xI = 0, (3.82)
i.e., it corresponds to holomorphic instantons. In order to study the dimension of
this moduli space one must study the possible deformations of the solutions of (3.82):
xi → xi + δxi, (Dαδxi)+ = 0. (3.83)
This is precisely the field equation for the field χ,
(Dαχ)+ = 0, (3.84)
which clarifies the role played by the χ-zero modes. The dimension of the moduli space
of holomorphic instantons can be obtained with the help of an index theorem, and in
many situations coincides with the ghost-number anomaly of the theory. Contrary to
the case of supersymmetric quantum mechanics, this anomaly is in general not zero.
This implies that, in general, one is forced to insert operators to obtain non-trivial
results.
The observables are obtained from the analysis of the δ-cohomology associated to
the symmetry (3.80). The highest-ghost-number ones turn out to be [88]:
O(0)A = Ai1,...,ipχi1χi2 · · ·χip , A ∈ Ω∗(X), (3.85)
and satisfy the relation:
{Q,O(0)A } = O(0)dA, (3.86)
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where Q denotes the generator of the symmetry δ. This relation allows to identify the
Q-cohomology classes of the highest-ghost-number observables with the (de Rham)
cohomology classes of X.
The topological descent equations (2.24) now take the form:
dO(0)A = {Q,O(1)A }, dO(1)A = {Q,O(2)A }. (3.87)
They are easily solved:
O(1)A = Ai1,...,ip∂αxi1χi2 · · ·χipdσα, O(2)A =
1
2
Ai1,...,ip∂αx
i1∂βx
i2χi3 · · ·χipdσα ∧ dσβ.
(3.88)
With the help of these operators one completes the family of observables which, as
expected, are labeled by homology classes of the two-dimensional manifold Σ:∫
γ
O(1)A ,
∫
Σ
O(2)A . (3.89)
The topological sigma model which has been described in this section is called of
type A. It turns out that there are two possible ways to twist N = 2 supersymmetric
sigma models. One of the possibilities leads to type-A models while the other gen-
erates what are called type-B models [58, 91]. The existence of these two models is
linked [91] to mirror symmetry in the context of string theory. The type-B model
constitutes a special kind of TQFT which does not fall into any of the two kinds
described in the previous section. Type-A models depend on the Ka¨hler class of the
target manifold and are independent of the complex structure. On the contrary, type-
B models depend on the complex structure and are independent of the Ka¨hler class.
Type-B models have been generalized to accommodate Kodaira-Spencer deformation
theory [60]. They have been also analyzed from other points of view [71].
Topological sigma models have been generalized including potential terms [82,
57]. The resulting theories for the case of type A have been understood recently
in the context of the Mathai-Quillen formalism after the construction of equivariant
extensions [64].
27
4 Donaldson-Witten Theory
Donaldson-Witten theory was historically the first TQFT to be introduced. It was
constructed by Witten [87] in 1988 using some insight from Floer theory [36] and
twisting N = 2 supersymmetric Yang-Mills theory. The vacuum expectation values
of its observables are Donaldson invariants for four-manifolds [32, 33, 35]. The theory
was later analyzed by Atiyah and Jeffrey from the viewpoint of the Mathai-Quillen
formalism [15]. See [67] for other early approaches to this theory.
Donaldson invariants were introduced [32] by S. Donaldson in 1983. They are
topological invariants for four-manifolds which depend on the differentiable structure
of the manifold. They are very important in topology because they are helpful in the
classification of differentiable four-manifolds. Contrary to the case of dimensions two
and three, for higher dimensions there are topological obstructions for the existence
of smooth structures. Though the origin of this problem is well understood in dimen-
sions five and higher, the situation in four dimensions is quite different. Donaldson
invariants constitute a very promising tool to improve our knowledge in the case of
four dimensions.
The geometric framework for Donaldson-Witten theory is the following. Let us
consider a compact oriented four-dimensional manifold X endowed with a metric gµν .
Over this manifold X we construct a principal bundle, P → X, with group G which
will be assumed to be simple and compact. The automorphism group of the bundle
P , G, is the infinite dimensional gauge group, whose Lie algebra will be denoted by
Lie(G) = Γ(adP ) = Γ(P ×ad g) = Ω0(X, adP ). A connection in P will be denoted by
A and the corresponding covariant derivative and self-dual part of its curvature by
Dµ and F
+ = p+(dA+ A ∧ A), respectively.
The aim of Donaldson-Witten theory is to reformulate, in a field-theoretic lan-
guage, the theory proposed by Donaldson [32, 33] which characterizes diffeomorphism
classes of four-manifolds in terms of cohomology classes built on the moduli space of
the anti-self-dual (ASD) G-instantons of Atiyah, Hitchin and Singer [12, 38]. The
main ingredient of the theory is therefore the instanton equation:
F+(A) =
1
2
(F (A) + ∗F (A) ) = 0. (4.1)
Starting from the instanton equation (4.1) we would like to build the topological field
theory which is associated to these equations in the framework of the Mathai-Quillen
formalism. According to our previous discussion, we have to specify (i) a field space,
and (ii) a vector space with the quantum numbers of equation (4.1). The configuration
or field space of the theory is just the space of G-connections on P , A. The vector
space F is the space of self-dual two-forms on X with values in the adjoint bundle
adP , Ω2,+(X, adP ). There is a natural action of the group of gauge transformations
G on both A and F , which allows us to introduce the principal bundle A → A/G,
and the associated vector bundle E+ = A×G Ω2,+(X, adP ). In this context, equation
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(4.1) is regarded as defining a section of E+, s : A/G → E+,
s(A) = F+(A). (4.2)
The zero locus of this section gives precisely the moduli space of ASD instantons.
In order to complete the construction we must specify the field content of the
theory. Let us introduce the following set of fields:
χµν , Gµν ∈ Ω2,+(X, adP ), ψµ ∈ Ω1(X, adP ), η, λ, φ ∈ Ω0(X, adP ). (4.3)
The ghost number carried by each of the fields is the following:
Aµ χµν Gµν ψµ η λ φ
0 −1 0 1 −1 −2 2
This field content is bigger than the standard one described in the previous section in
our discussion of supersymmetric quantum mechanics and topological sigma models.
The reason for this is that for situations in which a gauge symmetry is present the
Mathai-Quillen formalism must be modified so that pure gauge degrees of freedom
are projected out. We will not discuss these aspects here. We refer the reader to [30]
for details. The outcome of the analysis is that now the gauge fermion decomposes
into two parts: Ψ = Ψloc + Ψproj. The first one enforces the localization into the
moduli space while the second one takes care of the projection.
In (4.3) the Grassmann-odd self-dual two-form χµν is the fibre antighost, while
Gµν is its bosonic partner (it is an auxiliary field). The Grassmann-odd one-form ψµ
lives in the (co)tangent space to the field space and is to be understood as providing
a basis for differential forms on A, whereas the scalar bosonic field φ –or rather
its expectation value 〈φ〉– plays the role of the curvature two-form of the bundle
A → A/G. The Grassmann-odd scalar field, η, together with its bosonic partner, λ,
enforce the horizontal projection [30].
The scalar symmetry which characterizes the theory has the form:
δAµ= ψµ, δχµν = Gµν ,
δψ = dAφ, δGµν = i[χµν , φ],
δφ = 0, δλ = η, δη = i[λ, φ], (4.4)
where δ2 = gauge transformation with gauge parameter φ, so one is led to study the
G-equivariant cohomology of δ. The action of the theory is δ-exact. The appropriate
gauge fermions are:
Ψloc=
∫
X
d4x
√
gTr
[
2χµν(F
+µν − 1
2
Gµν)
]
,
Ψproj=
∫
X
d4x
√
gTr [iλDµψ
µ] . (4.5)
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After integrating out the auxiliary fields the action reads:
δ(Ψloc +Ψproj)→
∫
M
d4x
√
gTr
(
F+
2 − iχµνDµψν + iηDµψµ + 1
4
φ{χµν , χµν}
+
i
4
λ{ψµ, ψµ} − λDµDµφ
)
. (4.6)
The moduli space associated to the theory is the space of solutions of (4.1) modulo
gauge transformations. This is the space of ASD instantons, which is finite dimen-
sional and will be denoted by MASD. To obtain its dimension one has to study the
number of independent perturbations to the equations (4.1), modulo gauge transfor-
mations. They are given by the equations:
A→ A+ δA⇒ (DµδAν)+=0,
d∗AδA=0. (4.7)
The second equation just says that δA is orthogonal to the vertical directions (gauge
orbits) tangent to the field space, which are of the form dAω, ω ∈ Ω0(X, adP ). The
equations above are precisely the ψµ-field equations as derived from the action (4.6):
(Dµψν)
+ = 0, Dµψ
µ = 0, (ψµ zero modes). The dimension of the moduli space is
calculated from (4.7) with the aid of an index theorem [12]. For G = SU(2), the
result is:
dimMASD = 8k − 3
2
(χ + σ), (4.8)
where k is the instanton number, and χ and σ are, respectively, the Euler characteris-
tic and the signature of the manifold X. The ghost-number anomaly equals precisely
the dimension of the moduli space, which is generically not zero. This implies that
observables must be introduced to obtain non-vanishing vacuum expectation values.
The observables of the theory are obtained from the analysis of the G-equivariant
cohomology of δ (recall δ2 = gauge transformation). We will come back to this issue
later. Now we will construct the theory from a different point of view.
4.1 Twist of N = 2 supersymmetry
We have described Donaldson-Witten theory from the point of view of the Mathai-
Quillen formalism. The construction results rather compact and geometric. However,
this approach was not available in the early days of TQFT, and, in fact, the theory
was originally constructed in the less geometric way that we will review now. This
alternative formulation, though being less transparent from the geometric point of
view, provides an explicit link to four-dimensional N = 2 supersymmetric Yang-Mills
theory which has proved to be very fruitful to perform explicit calculations.
Let us begin with a review of some generalities concerning N = 2 supersymmetry
in four-dimensions. The global symmetry group of N = 2 supersymmetry in R4
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is H = SU(2)L ⊗ SU(2)R ⊗ SU(2)I ⊗ U(1)R where K = SU(2)L ⊗ SU(2)R is the
rotation group and SU(2)I ⊗ U(1)R is the internal (chiral) symmetry group. The
supercharges, Qiα and Qiα˙, which generate N = 2 supersymmetry have the following
transformations under H :
Qiα (
1
2
, 0,
1
2
)1, Qiα˙ (0,
1
2
,
1
2
)−1, (4.9)
where the superindex denotes the U(1)R charge and the numbers within parentheses
the representations under each of the factors in SU(2)L ⊗ SU(2)R ⊗ SU(2)I . The
supercharges (4.9) satisfy:
{Qiα, Qjβ˙} = δijPαβ˙ . (4.10)
The twist consists of considering as the rotation group the group, K′ = SU(2)′L⊗
SU(2)R, where SU(2)
′
L is the diagonal subgroup of SU(2)L ⊗ SU(2)I . This implies
that the isospin index i becomes a spinorial index α: Qiα → Qβα and Qiβ˙ → Gαβ˙.
Precisely the trace of Qβα is chosen as the generator of the scalar symmetry: Q = Q
α
α.
Under the new global group H ′ = K′ ⊗ U(1)R, the symmetry generators transform
as:
Gαβ˙ (
1
2
,
1
2
)−1, Q(αβ) (1, 0)
1, Q (0, 0)1. (4.11)
Notice that we have obtained a scalar generator Q. It is important to stress that
as long as we stay on a flat space (or one with trivial holonomy), the twist is just
a fancy way of considering the theory, for in the end we are not changing anything.
However, the appearance of a scalar symmetry makes the procedure meaningful when
we move to an arbitrary four-manifold. Once the scalar symmetry is found we must
study if, as stated in (2.6), the energy-momentum tensor is exact, i.e., if it can be
written as the transformation of some quantity under Q. The N = 2 supersymmetry
algebra gives a necessary condition for this to hold. Indeed, after the twisting, this
algebra becomes:
{Qiα, Qjβ˙} = δijPαβ˙ −→ {Q,Gαβ} = Pαβ˙, {Q,Q} = 0, (4.12)
where Pαβ˙ is the momentum operator of the theory. Certainly (4.12) is only a nec-
essary condition for the theory to be topological. However, up to date, for all the
N = 2 supersymmetric models whose twisting has been studied the relation on the
right hand side of (4.12) has become valid for the whole energy-momentum tensor.
Notice that (4.12) are the basic equations (2.13) and (2.15) of our general discus-
sion on TQFT. It is important to remark that twisted theories are considered as
Euclidean theories. This implies that the twisting procedure is often accompanied
by some changes on the complex nature of the fields. This delicate issue has been
treated recently by Blau and Thompson [26].
In R4 the original and the twisted theories are equivalent. However, for arbitrary
manifolds they are certainly different due to the fact that their energy-momentum
31
tensors are not the same. The twisting changes the spin of the fields in the theory,
and therefore their couplings to the metric on X become modified. This suggests
an alternative way of looking at the twist. All that has to be done is: gauge the
internal group SU(2)I , and identify the corresponding SU(2) connection with the spin
connection on X. This process changes the spin connection and therefore the energy-
momentum tensor of the theory, which in turn modifies the couplings to gravity of the
different fields of the theory. This alternative point of view to the twisting procedure
has been recently reviewed in this context in [65].
Under the twist, the field content is modified as follows:
Aαα˙ (
1
2
,
1
2
, 0)0−→Aαα˙ (1
2
,
1
2
)0,
λαi (
1
2
, 0,
1
2
)−1−→χαβ (1, 0)−1, η(0, 0)−1,
λ¯jα˙ (0,
1
2
,
1
2
)1−→ψαα˙ (1
2
,
1
2
)1, (4.13)
B (0, 0, 0)−2−→λ (0, 0)−2,
B∗ (0, 0, 0)2−→φ (0, 0)2,
Dij (0, 0, 1)
0−→Gαβ (1, 0)0.
In the process of twisting, the U(1)R symmetry becomes the U(1)-like symmetry
associated to the ghost number of the topological theory. The ghost number anomaly
is thus naturally related to the chiral anomaly of U(1)R. The twisted action differs
from the action (4.6) obtained in the Mathai-Quillen formalism by a term of the form,
∫
M
d4x
√
gTr
( i
2
φ{η, η}+ 1
8
[λ, φ]2
)
. (4.14)
This term turns out to be Q-exact (∼ {Q, ∫ η[φ, λ]}) and therefore it can be ignored.
Associated to each of the independent Casimirs of the gauge group G it is possible
to construct highest-ghost-number operators. For example, for the quadratic Casimir
this operator is:
W0 =
1
8π2
Tr(φ2), (4.15)
and it generates the following family of operators:
W1 =
1
4π2
Tr(φψ), W2 =
1
4π2
Tr(
1
2
ψ ∧ ψ + φ ∧ F ), W3 = 1
4π2
Tr(ψ ∧ F ).
(4.16)
These operators are easily obtained by solving the descent equations, δWi = dWi−1.
From them one defines the following observables:
O(k) =
∫
γk
Wk, (4.17)
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where γk ∈ Hk(M). The descent equations imply that they are δ-invariant and that
they only depend on the homology class γk.
The functional integral corresponding to the topological invariants of the theory
has the form:
〈O(k1)O(k2) · · ·O(kp)〉 =
∫
O(k1)O(k2) · · ·O(kp) exp(−S/g2), (4.18)
where the integration has to be understood on the space of field configurations mod-
ulo gauge transformations and g is a coupling constant. The standard arguments
described in sect. 2 show that due to the δ-exactness of the action S, the quantities
obtained in (4.18) are independent of g. This implies that the observables of the
theory can be obtained either in the limit g → 0, where perturbative methods apply,
or in the limit g →∞, where one is forced to consider a non-perturbative approach.
The crucial point is to observe that the δ-exactness of the action implies, at least
formally, that in either case the values of the vevs must be the same.
4.2 Perturbative approach
The previous argument for g → 0 implies that the semiclassical approximation of
the theory is exact. In this limit the contributions to the functional integral are
dominated by the bosonic field configurations which minimize S. These turn out to
be given by the equations:
F+ = 0, DµD
µφ = 0. (4.19)
Let us assume that in the situation under consideration there are only irreducible
connections (this is true in the case b+2 = dimΩ
2,+(X) > 1). In this case the con-
tributions from the even part of the action are given entirely by the solutions of the
equation F+ = 0, i.e., by instanton configurations. Being the connection irreducible
there are no non-trivial solutions to the second equation in (4.19).
The zero modes of the field ψ come from the solutions to the equations,
(Dµψν)
+ = 0, Dµψ
µ = 0, (4.20)
which are precisely the ones that define the tangent space to the space of instanton
configurations. The number of independent solutions of these equations determine
the dimension of the instanton moduli space MASD. As stated in (4.8), for SU(2),
dMASD = 8k − 3(χ+ σ)/2.
The fundamental contribution to the functional integral (4.18) is given by the
elements ofMASD and by the zero-modes of the solutions to (4.20). Once these have
been obtained they must be introduced in the action and an expansion up to quadratic
terms in non-zero modes must be performed. The fields φ and λ are integrated out
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originating a contribution [87] which is equivalent to the replacement of the field φ in
the operators O(k) by,
〈φa〉 =
∫
d4y
√
gGab(x, y)[ψµ(y), ψ
µ(y)]b, (4.21)
where Gab(x, y) is the inverse of the Laplace operator,
DµD
µGab(x, y) = δabδ(4)(x− y). (4.22)
These are the only relevant terms in the limit g → 0. The resulting gaussian integra-
tions then must be performed. Due to the presence of the δ symmetry these come in
quotients whose value is ±1. The functional integral (4.18) takes the form:
〈O(k1)O(k2) · · ·O(kp)〉 =∫
MASD
da1 · · · dadMASDdψ1 · · · dψdMASDO(k1)O(k2) · · ·O(kp)(−1)
ν(a1,...,adMASD
)
,
(4.23)
where ν(a1, . . . , adMASD ) = 0, 1. The integration over the odd modes leads to a se-
lection rule for the product of observables. This selection rule is better expressed
making use of the ghost numbers of the fields. For the operators in (4.17) one finds:
U(O(k)) = 4− k, and the selection rule can be written as dMASD =
∑p
i=1 U(O(ki)).
In the case in which dMASD = 0, the only observable is the partition function,
which takes the form:
〈1〉 =∑
i
(−1)νi, (4.24)
where the sum is over isolated instantons, and νi = ±1. In general, the integration
of the zero-modes in (4.23) leads to an antisymmetrization in such a way that one
ends with the integration of a dMASD-form on MASD. The resulting real number is a
topological invariant. Notice that in the process a map
Hk(M) −→ Hk(MASD) (4.25)
has been constructed. The vevs of the theory provide polynomials in Hk1(M) ×
Hk2(M)× · · · ×Hkp(M) which are precisely the Donaldson polynomials invariants.
4.3 Non-perturbative approach
The study of Donaldson-Witten theory from a perturbative point of view proved
that the vevs of the observables of this theory are related to Donaldson invariants.
However, it did not provide a new method to compute these invariants since the
functional integral leads to an integration over the moduli space of instantons, which
is precisely the step where the hardest problems to compute these invariants appear.
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In the context of quantum field theory there exists the possibility of studying the form
of these observables from a non-perturbative point of view, i.e., in the strong coupling
limit g →∞. This line of research seemed difficult to implement until very recently.
However, in 1994, after the work by Seiberg and Witten [79], important progress was
made in the knowledge of the non-perturbative structure of N = 2 supersymmetric
Yang-Mills theories. Their results were immediately applied to the twisted theory
leading to explicit expressions for the topological invariants in a variety of situations
[92]. But perhaps the most important outcome of this approach is the emergence of
the existence of a relation between the moduli space of instantons and other moduli
spaces such as the moduli space of abelian monopoles which will be introduced below.
N = 2 supersymmetric Yang-Mills theory is asymptotically free. This means that
the effective coupling constant becomes small at large energies. The perturbative
methods which have been used are therefore valid at these energies. At low energies,
however, those methods are not valid and one must use non-perturbative techniques.
Before 1994 the infrared behavior of the N = 2 supersymmetric theory was not known
and the non-perturbative approach seemed to be out of reach. However, the infrared
behavior of N = 1 supersymmetric Yang-Mills was known, and, in 1993, Witten
[93] was able to make explicit calculations for the Donaldson invariants on Ka¨hler
manifolds with H(2,0) 6= 0 using information concerning these theories. This approach
is known as the abstract approach while the one based on the infrared behavior of
N = 2 supersymmetric Yang-Mills is referred to as the concrete approach. We will
discuss them now in turn.
4.3.1 Donaldson invariants: abstract approach
The key ingredient of this approach is the following observation due to Witten [93]:
on a Ka¨hler manifold with H(2,0) 6= 0 Donaldson-Witten theory can be perturbed by a
mass term preserving the topological character of the theory. The theory can then be
regarded as a twisted N = 1 super Yang-Mills theory with matter fields. The infrared
behavior of this theory is known: it has a mass gap and undergoes confinement and
chiral symmetry breaking. Moreover, the Z2h subgroup (h is the dual Coxeter number
of the gauge group G) of U(1)R which is preserved by instantons is believed to be
spontaneously broken to Z2, which allows fermion masses, giving rise to an h-fold
degeneracy of the vacuum. Vacuum expectation values are written as a sum over
contributions from each of the vacua, these contributions being related by the broken
symmetry Zh = Z2h/Z2. Witten studied the case of SU(2) and he proved that the
vevs have the structure first found by Kronheimer and Mrowka [55]. We shall now
briefly review the fundamentals of his construction.
On a four-dimensional Ka¨hler manifold the holonomy is reduced according to the
pattern:
SU(2)L ⊗ SU(2)R −→ U(1)L ⊗ SU(2)R. (4.26)
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The 2 of SU(2)L decomposes as a sum of one-dimensional representations of U(1)L.
In particular, for the N = 2 supersymmetric charges Qiα we have:
Qiα −→ Qi1 ⊕Qi2. (4.27)
After twisting these give rise to two independent scalar charges, each transforming
under definite U(1)L transformations:
Q1 = Q
1
1, Q2 = Q
2
2. (4.28)
These charges satisfy the relations:
Q = Q1 +Q2, (Q1)
2 = 0 = (Q2)
2, {Q1, Q2} = 0. (4.29)
It is important to remark that from the point of view of the untwisted theory Q1 can
be regarded in the context of N = 1 superspace as a derivative with respect to θ1.
The field content of N = 2 super Yang-Mills theory consists of a gauge (or vector)
multiplet, which is represented by a constrained chiral spinor superfield Wα(A, λ
1),
and a scalar multiplet, which is represented by a chiral N = 1 superfield Ψ(B, λ2).
The action in N = 1 superspace takes the form:
S =
∫
d4xd2θd2θ¯(Ψ†eVΨ) +
∫
d4xd2θTr(W αWα) +
∫
d4xd2θ¯Tr(W¯α˙W¯
α˙). (4.30)
In this expression V is the vector superpotential, related to W by W ∼ D¯2e−VDeV ,
and D and D¯ are superspace covariant derivatives. It is well known that TrW 2|θ2
and TrW¯ 2|θ¯2 coincide up to a θ-term. This implies that the action (4.30) is Q1-exact
modulo a shift in the θ-angle (since Q1 can be regarded as a derivative with respect
to θ1). This shift can be absorbed in a chiral rotation which implies a rescaling of the
observables.
When X is simply connected, and for gauge group SU(2), the only relevant ob-
servables in Donaldson-Witten theory are the ones associated to even forms in (4.15)
and (4.16):
O= 1
8π2
Tr(φ2),
I(Σ)=
1
4π2
∫
Σ
Tr(φF +
1
2
ψ ∧ ψ), (4.31)
where Σ is a two-cycle on the manifold X. Both are Q1-invariant. Following Witten
[93] we perturb the theory introducing a mass term for the Ψ superfield:
∆S = −
∫
ω ∧ d2z¯d2θTr(Ψ2) + h.c., ω ∈ H(2,0)(X), (4.32)
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which breaks the symmetry from N = 2 down to N = 1. This mass term is not
Q1-exact. However, it turns out that the perturbed action has the following form:
S +∆S = S + I(ω˜) + {Q1, . . .} (4.33)
being ω˜ the Poincare dual to ω. Since I(ω˜) is after all an observable, the perturbation
only introduces a relabeling of the observables themselves. To see this, consider the
generating function for the Donaldson polynomials:
〈e
∑
a
αaI(Σa)+λO〉, (4.34)
where {Σa}a=1,...,b2(X) is a basis of H2(X), and αa and λ are constant parameters.
The perturbation (4.33) just amounts to a shift in the αa parameters.
Summarizing, we have shown that for Ka¨hler manifolds with H(2,0) 6= 0 there
exists a TQFT, which can be regarded as a twisted version of N = 1 supersymmetric
Yang-Mills theory, whose vev (4.34) differ from the corresponding ones in Donaldson-
Witten theory by a shift in the parameters αa. We will now use the knowledge on
the infrared behavior of N = 1 supersymmetric Yang-Mills theory to compute (4.34)
in the new topological theory.
The first step consists of a rescaling of the metric, gµν −→ tgµν . In the limit
t → ∞ one expects that a description in terms of the degrees of freedom of the
vacuum states of the physical theory in R4 is valid. Hence, the idea is to compute
the observables of the twisted theory on each vacuum of the N = 1 supersymmetric
gauge theory.
If ω does not vanish, the untwisted theory possesses h vacuum states. Take
G = SU(2), h = 2. Standard arguments based on general properties of TQFTs and
N = 1 supersymmetry lead to the following result for the generating functional [93]:
〈e
∑
a
αaI(Σa)+λO〉=C1e
(
η1
2
∑
a,b
αaαb#(Σa∩Σb)+λξ1
)
+C2e
(
η2
2
∑
a,b
αaαb#(Σa∩Σb)+λξ2
)
, (4.35)
(notice that each term in (4.35) comes from each of the two vacua) where,
Ci = e
(aiχ+biσ), (4.36)
is the partition function of the theory in the i vacuum, and ai, bi, ηi and ξi = 〈O〉i
(i = 1, 2) are universal constants independent of the manifold X. The symmetry Z2
gives relations among the constants:
C2 = i
∆C1, η2 = −η1, ξ2 = −ξ1, (4.37)
with ∆ = 1
2
dM = 4k− 34(χ+σ). The relation between η1 and η2, and ξ1 and ξ2, results
very simply from the Z2 transformations of the observables. The relation between C1
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and C2 is the result of taking into consideration the gravitational anomaly associated
to that symmetry. Notice that i∆ is independent of the instanton number k.
If ω vanishes along some regions, each vacuum is further split up into two along
each region [93]. We will not discuss this more general case in these lectures. The
result agrees with the general structure found by Kronheimer and Mrowka [55]. The
unknown parameters in (4.36), (4.37) are universal, i.e., independent of X, and they
can be fixed by comparison to the known values of (4.34) for some manifolds. The
success of this approach has an outstanding importance, for the agreement found
between the results of the calculation and previously known mathematical results
gives support to the conjectured picture in the physical N = 1 supersymmetric gauge
theory.
4.3.2 Donaldson invariants: concrete approach
As explained at the beginning of this subsection, in 1994, Seiberg and Witten, using
arguments based on duality, obtained exact results [79] for many N = 2 supersym-
metric Yang-Mills theories, determining their moduli space of vacua. These physical
results were immediately applied [92] to the corresponding twisted theories obtaining
a new expression for Donaldson invariants in terms of a new set of invariants: the
Seiberg-Witten invariants.
The general argument which explains why the exact results on the infrared be-
havior of N = 2 supersymmetric Yang-Mills theories can be used in the context of
TQFT is the following. In the twisted theory the presence of the coupling g can be
regarded as a rescaling of the metric. In the limit g →∞ the rescaling of the metric
is arbitrarily large and one expects that calculations can be done in terms of the
vacua corresponding to R4. Recall that N = 2 supersymmetric Yang-Mills theories
are asymptotically free and their large distance behavior is equivalent to their low
energy one. This argument is summarized in Fig. 1.
From the work by Seiberg and Witten [79] follows that at low energies N =
2 supersymmetric Yang-Mills theories behave as abelian gauge theories. For the
case of gauge group SU(2), which will be the case considered in this discussion, the
effective low energy theory is parametrized by a complex variable u which labels the
vacuum structure of the theory. At each value of u the effective theory is an N = 2
supersymmetric abelian gauge theory coupled to N = 2 supersymmetric matter fields.
One of the most salient features of the effective theory is that there are points in the
u-complex plane where some matter fields become massless. These points are singular
points of the vacuum moduli space and they are located at u = ±Λ2, where Λ is the
dynamically generated scale of the theory. At u = Λ2 the effective theory consists
of an N = 2 supersymmetric abelian gauge theory coupled to a massless monopole,
while at u = −Λ2 it is coupled to a dyon. The effective theories at each singular point
are related by an existing Z2 symmetry in the u-plane. This symmetry relates the
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Figure 1: Schematic diagram of the concrete approach.
behavior of the theory around one singularity to its behavior around the other.
At this point it is convenient to recall some facts about the exact solution of
N = 2 supersymmetric Yang-Mills found by Seiberg and Witten [79] (see [44] for
some reviews on this topic and Alvarez-Gaume’s lectures [8] in this volume). One of
the most important features of N = 2 supersymmetric Yang-Mills theory is that its
lagrangian can be written in terms of a single holomorphic function, the prepotential
F . This prepotential is holomorphic in the sense that it depends only on the N = 2
chiral superfield2 Ψ which defines the theory, and not on its complex conjugate. The
microscopic theory is defined by a classical quadratic prepotential:
Fcl(Ψ) = 1
2
τclΨ
2, τcl =
θbare
2π
+
4πi
g2bare
. (4.38)
In terms of this prepotential the lagrangian is given by the following expression in
N = 1 superspace:
L = 1
4π
ImTr
[∫
d4θ
∂F(A)
∂A
A¯+
∫
d2θ
1
2
∂2F(A)
∂A2
W αWα
]
, (4.39)
where A is a chiral N = 1 superfield containing the fields (φ, ψ), and W is a con-
strained chiral spinor superfield containing the non-abelian gauge field and its N = 1
superpartner (Aµ, λ). The lagrangian (4.39) is equivalent to the one entering (4.30)
after replacing the N = 1 superfield Ψ there by the N = 1 superfield A. All the
2This N = 2 chiral superfield should not be confused with the N = 1 chiral superfield used in
subsection 4.3.1.
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fields take values in the adjoint representation of the gauge group, which we take to
be SU(2). The potential term for the complex scalar φ is:
V (φ) = Tr
(
[φ, φ†]2
)
. (4.40)
The minimum of this potential is attained at field configurations of the form φ =
1
2
aσ3, which define the classical moduli space of vacua. A convenient gauge invariant
parametrization of the vacua is given by u = Trφ2, which equals 1
2
a2 semiclassically.
For u 6= 0, SU(2) is spontaneously broken to U(1). The spectrum of the theory
splits up into two massive N = 2 vector multiplets, which accommodate the massive
W± bosons together with their superpartners, and an N = 2 abelian multiplet which
accommodates the N = 2 photon together with its superpartners. For u = 0, the full
SU(2) symmetry is (classically) restored.
To study the quantum vacua Seiberg and Witten analyzed the structure of the
low energy theory, whose effective lagrangian up to two derivatives is given, after in-
tegrating out the massive modes, by an expression like (4.39) but with a new effective
prepotential depending only on an abelian multiplet. The result of their analysis can
be summarized as follows:
• At the quantum level the SU(2) symmetry is never restored. The theory stays
in the Coulomb phase throughout the u-plane.
• The moduli space of vacua (u-plane) is a complex one-dimensional Ka¨hler man-
ifold.
• At the points u = ±Λ2, the prepotential F has singularities.
• The singularities correspond to the presence of a massless monopole (at u = Λ2)
and a massless dyon (at u = −Λ2).
• Near each of the singularities the effective action should include together with
the N = 2 abelian vector multiplet, a massless monopole or a dyon hypermul-
tiplet.
A summary of the main features of both, the classical and the quantum moduli spaces,
is depicted in Fig. 2.
We will describe now the computation of observables. As we did in the pertur-
bative approach, we will consider the theory on manifolds X with b+2 > 1. In the
limit g → 0 one has to take into account the classical moduli space. Since for b+2 > 1
there are not abelian instantons the only contribution come from u = 0 and one has
to go through the analysis carried out in our discussion of the perturbative approach.
As described there, one is led to the standard approach to Donaldson invariants via
integration over the moduli space of non-abelian instantons. In the limit g → ∞,
since the supersymmetric theory is asymptotically free, we are in the infrared regime,
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and the contributions come from the quantum moduli space. In the case under con-
sideration (b+2 > 1) there are no abelian instantons. Since the abelian gauge field is
the only massless field away from the singularities, the only contributions come from
the singular points, u = ±Λ2, where there are additional massless fields. Near each of
these points, N = 2 supersymmetry dictates the form of the weakly coupled effective
theory. Since the observables of the twisted theory are independent of the coupling
constant, one expects that Donaldson invariants can be expressed in terms of vevs
of some operators in the twisted effective theories around each singular point. This
analysis has been summarized in Fig. 3.
The theory around the monopole singularity is an N = 2 supersymmetric abelian
gauge theory coupled to a massless hypermultiplet. This theory has a twisted version
which has been constructed in [51, 1] from the point of view of twisting N = 2 super-
symmetry, and in [61] using the Mathai-Quillen formalism. It has been addressed in
other works [10, 43]. The structure of this theory is similar to the one of Donaldson-
Witten theory. The resulting action is δ-exact and therefore one can study the theory
in the weak coupling limit, which, being the theory abelian, corresponds to the low
energy limit.
Let us describe the structure of the twisted N = 2 supersymmetric abelian gauge
theory coupled to a twisted hypermultiplet. We will assume that the four-dimensional
manifoldX is a spin manifold. The analysis naturally extends to the case of manifolds
42
which are not spin as shown in [92]. A hypermultiplet is built out of two chiral N = 1
superfields, Q and Q˜,
Q(q1, ψqα), Q
†(q†1, ψ¯qα˙),
Q˜(q†2, ψq˜α), Q˜
†(q2, ψ¯q˜α˙). (4.41)
After the twisting these fields become:
qi (0, 0,
1
2
)0−→Mα (1
2
, 0)0,
ψqα (
1
2
, 0, 0)1−→µα (1
2
, 0)1,
ψ¯q˜α˙ (0,
1
2
, 0)−1−→ να˙ (0, 1
2
)−1,
q†i (0, 0,
1
2
)0−→Mα (1
2
, 0)0, (4.42)
ψ¯qα˙ (0,
1
2
, 0)−1−→ ν¯α˙ (0, 1
2
)−1,
ψq˜α (
1
2
, 0, 0)1−→ µ¯α (1
2
, 0)1.
The twisted fieldsMα, µα, and να˙ belong, respectively, to Γ(S
+⊗L) and Γ(S−⊗L),
where S± are the positive/negative chirality spin bundles and L is a complex line
bundle. The action of the twisted abelian effective theory around the monopole
singularity is given by [61]:
SAM=
∫
X
√
g[gijDiM
α
DjMα +
1
4
RM
α
Mα +
1
2
F+αβF+αβ −
1
8
M
(α
Mβ)M (αMβ)]
+i
∫
X
(λ ∧ ∗d∗dφ− 1√
2
χ ∧ ∗p+dψ + η ∧ ∗d∗ψ)
+
∫
X
e
(
iφλM
α
Mα +
1
2
√
2
χαβ(M (αµβ) + µ¯(αMβ))− i
2
(vα˙Dαα˙µ
α − µ¯αDαα˙vα˙)
−1
2
(M
α
ψαα˙v
α˙ − v¯α˙ψαα˙Mα) + 1
2
η(µ¯αMα −Mαµα) + i
4
φv¯α˙vα˙ − λµ¯αµα
)
.
(4.43)
This action is invariant under the following scalar symmetry:
[Q,Mα] = µα, {Q, µα} = −iφMα,
{Q, vα˙} = hα˙, [Q, hα˙] = −iφvα˙. (4.44)
We only list the transformations for the matter fields, the transformations for the rest
of the fields are the abelianized version of the ones in (4.4). The action SAM is Q-
exact and therefore the semiclassical approximation is exact. The main contribution
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to the functional integral coming from the bosonic part of the action is given by the
solutions to the equations:
F+αβ +
i
2
M (αMβ) = 0, Dαα˙M
α = 0. (4.45)
These equations are known as monopole equations [92]. The tangent space to the
moduli space,MAM, defined by these equations is given by the linearization of (4.45),
which happen to be the field equations:
(dψ)+αβ +
i
2
(M (αµβ) + µ¯(αMβ)) = 0,
Dαα˙µ
α + iψαα˙M
α = 0. (4.46)
The dimension of the moduli space can be calculated from (4.46) by means of an
index theorem, and turns out to be [92],
dMAM = (c1(L))
2 − 2χ+ 3σ
4
. (4.47)
The only contributions to the partition function come from dMAM = 0 (isolated
monopoles). Introducing the shorthand notation, x = −2c1(L), we have:
dMAM = 0⇔ x2 = 2χ+ 3σ. (4.48)
As in the case of Donaldson-Witten theory, the integration over the quantum fluc-
tuations around the background (4.45) gives an alternating sum over the different
monopole solutions for a given class x:
nx =
∑
i
ǫi,x, ǫi,x = ±1. (4.49)
The nx are the partition functions of the twisted abelian theory for a fixed class x
(compare to (4.24)). Those classes such that (4.48) holds and nx 6= 0 are called basic
classes. The quantities nx turn out to constitute a new set of topological invariants
for four-manifolds known as Seiberg-Witten invariants.
To fix ideas let us analyze in certain detail the outline of the calculation of the
partition function of Donaldson-Witten theory on a manifold X with b+2 > 1 and for
gauge group SU(2). Recall that we are dealing with a TQFT which corresponds to
a twisted version of N = 2 supersymmetric Yang-Mills theory. In the weak coupling
limit, g → 0, the partition function is dominated by SU(2) instanton configurations
as in (4.24):
Z =
∞∑
k=0
δ(8k − 3
2
(χ+ σ)︸ ︷︷ ︸
dMASD
)Zk, (4.50)
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where,
Zk =
∑
solutions
i
(−1)νi , νi = 0, 1. (4.51)
In the strong-coupling limit, g → ∞, or, g˜ = 1/g → 0, by analogy with the
physical theory, we expect that the correct description is given by a sum over the
partition functions of effective TQFTs which are twisted versions of the corresponding
effective description of the physical theory at the points u = ±Λ2:
Z = c(Zu=Λ2 + Zu=−Λ2), (4.52)
where c is a factor to be fixed. The partition functions of the twisted theories are
dominated by configurations satisfying the monopole equations (4.45) for classes x
satisfying (4.48). For Zu=Λ2 we have:
Zu=Λ2 =
∑
x
nxδ(x
2 − 2χ− 3σ), x = −2c1(L), (4.53)
with the Seiberg-Witten invariants given by
nx =
∑
solutions
i
(−1)µi , µi = 0, 1. (4.54)
The partition function at the dyon singularity Zu=−Λ2 is related to the previous
one by a Z2 transformation. This transformation is anomalous on a gravitational
background, and therefore there is a contribution from the measure when comparing
Zu=Λ2 and Zu=−Λ2 . We will discuss the details of this issue below. Now we take for
granted that the relation between both partition functions is given by:
Zu=−Λ2 = i
χ+σ
4 Zu=Λ2. (4.55)
Being the theory topological, the result obtained in both limits should be the
same. We then obtain the following relation:
Z =
∞∑
k=0
δ(8k − 3
2
(χ+ σ))Zk = c
∑
x
basic
classes
δ(x2 − 2χ− 3σ)
[
nx + i
χ+σ
4 nx
]
. (4.56)
The quantity c is fixed comparing both sides of this equation for different four-
manifolds X with b+2 > 1. It turns out that,
c = 21+
1
4
(7χ+11σ). (4.57)
This quantity should be computable from field-theoretical arguments but, to our
knowledge, it is not known at the moment how to do it. Some steps to determine it
have been given in reference [94].
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Equation (4.56) constitutes a field-theory prediction which has been verified on
all manifolds in which it has been tested. Its content is very important because it
relates topological information coming from two apparently unrelated moduli spaces.
On the left hand side the contributions are given by non-abelian instanton configura-
tions. However, on the right hand side the contributions come from abelian monopole
configurations. It is also important to remark that the fact that eq. (4.56) holds con-
stitutes a very important test for Seiberg-Witten theory. Indeed, for example, if the
quantum moduli space for SU(2) had had a number of singularities different from
two, the right hand side of (4.56) would have been different, spoiling the agreement.
The partition function is not the only observable that can be computed by making
use of Seiberg-Witten theory. One can indeed compute the full generating function
(4.34). The steps needed to carry out this computation are the following:
1. Work out the form of the observables in the variables of the effective theory
around the monopole singularity, u = Λ2.
2. Work out the contribution from the dyon singularity, u = −Λ2, using the Z2
symmetry present in the u-plane.
3. Sum over all basic classes x.
We will go now through these steps in turn.
1. As in the case of the abstract approach, let us assume that X is simply connected.
Recall that in this case the relevant observables are (4.31). We reproduce them here:
O= 1
8π2
Tr(φ2),
I(Σa)=
1
4π2
∫
Σa
Tr(φF +
1
2
ψ ∧ ψ), (4.58)
being {Σa}a=1,...,b2(X) a basis of H2(X). These observables are the ingredients of the
generating function (4.34), 〈
exp
(∑
a
αaI(Σa) + λO
)〉
, (4.59)
which is the goal of our computation. Recall that λ and αa are arbitrary parameters.
In computing (4.59) we must address the question of what is the form of the
observables of Donaldson-Witten theory in terms of operators of the effective abelian
theory. To answer this question we will use the expansion of the observables in the
untwisted, physical theory, together with the descent equations in the topological
abelian theory. We follow the argument presented in [66] which is originally due to
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Witten. The descent equations for the abelian monopole theory can be found in [61].
Near the monopole singularity, the u variable has the expansion [79]:
u(aD) = Λ
2 +
( du
daD
)
0
aD + higher order, (4.60)
where (du/daD)0 = −2iΛ, while “higher order” stands for operators of higher dimen-
sions in the expansion. The field aD corresponds to the field φD of the topological
abelian theory [61], while the gauge-invariant parameter u corresponds to the ob-
servable (4.15). In terms of observables of the corresponding twisted theories, the
expansion (4.60) reads,
O = 〈O〉 − 1
π
〈V 〉φD + higher order, (4.61)
where 〈O〉, 〈V 〉 are real c-numbers which should be related to the values of u(0),
(du/daD)0 in the untwisted theory. From the observable O one can obtain the ob-
servable O(2) by the descent procedure. By applying it in the abelian TQFT to the
right hand side of (4.61), we obtain:
O(2) = −1
π
〈V 〉FD + higher order, (4.62)
where FD is the dual electromagnetic field strength (associated to the magnetic
monopole). In particular, taking into account that x = −c1(L2) = −[FD]/π, where
[FD] denotes the cohomology class of the two-form FD, we finally obtain:
I(Σ) = 〈V 〉(Σ · x) + higher order, (4.63)
where the dot denotes the pairing between 2-cohomology and 2-homology. From
the point of view of TQFT, higher dimensional terms should not contribute to the
expansion because of the invariance of the theory under rescalings of the metric.
Notice that the lower order terms in (4.61) and (4.63) are c-numbers, i.e., they have
zero-ghost numbers. This means that the only contributions to (4.59) will come from
configurations such that the dimension of the moduli space of abelian monopoles,
dMAM, vanishes. This dimension is given in (4.47). Thus the only classes contributing
to (4.59) are again the basic classes, i.e., classes, x, satisfying x2 = 2χ + 3σ and
nx 6= 0. Manifolds for which this holds are called of simple type.
We are now in the position to evaluate the correlation function (4.59) at the
monopole singularity. This is rather simple since (4.61) and (4.63) are c-numbers.
Only additional contact terms for the operators I(Σ) appear (see reference [93] for
a discussion on this point). These terms have the following form. Let us introduce
v =
∑
a αaI(Σa), then the contribution turns out to be [93]: γv
2 = γ
∑
a,b αaαb(Σa,Σb),
where γ is a real number. Taking into account this term and eq. (4.61) and (4.63)
one finds that the contribution at the monopole singularity is:
C1exp(γv
2 + λ〈O〉)∑
x
nxe
〈V 〉v·x, (4.64)
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where C1 is the factor c which appeared in (4.52) and turned out to be (4.57).
2. Next, we work out the contribution from the dyon singularity, u = −Λ2. This
contribution is related to the one from u = Λ2 by a Z2 transformation, which is the
anomaly-free symmetry on the u-plane which remains after the breaking of the chiral
symmetry U(1)R. Let us begin by recalling the transformations of the fields entering
the observables under the U(1)R-transformations:
ψ1α −→ e−iϕψ1α,
ψ2α −→ e−iϕψ2α,
B −→ e−2iϕB.
Instanton effects break this symmetry down to Z8 (4Nc − 2Nf in the general case
of SU(Nc) gauge group with Nf hypermultiplets in the fundamental representation).
Under this anomaly-free Z8,
B −→ e−2i( 2pi8 )B = e− ipi2 B, (4.65)
and therefore,
u = Tr(B2) −→ e−ipiu = −u, (4.66)
which gives a Z2 symmetry on the u-plane. This Z2 symmetry relates the contribu-
tions to the vevs from u = Λ2 to the ones from u = −Λ2. Under the Z8 symmetry,
the observables (4.31) transform as follows:
I(Σa) =
1
4π2
∫
Σa
Tr
(
φF +
1
2
ψ ∧ ψ
)
−→ e− ipi2 I(Σa) = −iI(Σa),
O = 1
8π2
Tr(φ)2−→ e−ipiO = −O,
(4.67)
hence, using (4.64) one finds:
u = Λ2, C1 exp
(
γv2 + λ〈O〉+ 〈V 〉v · x
)
,
u = −Λ2, C2 exp
(
−γv2 − λ〈O〉 − i〈V 〉v · x
)
. (4.68)
The quantities C2 and C1 are related because on a curved background the Z8
transformation, while being preserved by gauge instantons, picks anomalous contri-
butions from the measure due to gravitational anomalies. The contribution is of
the form exp ipi
2
∆, where ∆ is the index of the Dirac operator. For a basic class,
dimMAM = 0, and therefore, from (4.47), (c1(L))2 = 2χ+3σ4 . The index of the Dirac
operator is,
∆ = −σ
8
+
1
2
(c1(L))
2 =
χ + σ
4
∈ Z, (4.69)
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and therefore the anomaly can be written as i∆, with ∆ = χ+σ
4
. Then,
C2 = i
∆C1. (4.70)
3. Finally, we take both contributions and sum over basic classes. The final form of
the generating function of vevs of observables turns out to be:
〈e(
∑
a
αaI(Σa)+λO)〉 = C1
[
e(γv
2+〈O〉λ)∑
x
nxe
〈V 〉v·x + i∆e(−γv
2−〈O〉λ)∑
x
nxe
−i〈V 〉v·x
]
.
(4.71)
By comparing to known results by Kronheimer and Mrowka [55] the unknown con-
stants in (4.71) are fixed to be:
γ =
1
2
, 〈O〉 = 2, 〈V 〉 = 1, C1 = 21+ 14 (7χ+11σ). (4.72)
The ratio between 〈V 〉 and 〈O〉 is predicted by Seiberg-Witten theory since both
originated from eq. (4.60). It agrees with (4.72). Notice that these constants, γ, 〈V 〉,
and 〈O〉, coming from the structure of the physical theory in R4, should be universal,
i.e., entirely independent of the manifold X. This turns out to be the case according
to the values (4.72), a very important test of our arguments. Different aspects of
Seiberg-Witten solution are reflected in (4.71). The fact that this formula fits all
known mathematical results for simply-connected manifolds with b+2 > 1 is rather
satisfactory from the physical point of view.
Gathering all the preceding results we obtain the final expression for the generating
function of Donaldson invariants:
〈e(
∑
a
αaI(Σa)+λO)〉 = 21+ 14 (7χ+11σ)
[
e
(
v2
2
+2λ
)∑
x
nxe
v·x + i∆e
(
− v
2
2
−2λ
)∑
x
nxe
−iv·x
]
.
(4.73)
The expression above verifies the so-called simple type condition:(
∂2
∂λ2
− 4
)
〈e(
∑
a
αaI(Σa)+λO)〉 = 0. (4.74)
All simply-connected four-manifolds with b+2 > 1 for which (4.73) is known verify this
property.
49
5 Generalized Donaldson-Witten Theory
So far we have discussed two different moduli problems in four-dimensional topol-
ogy, one defined by the ASD instanton equations and another one defined by the
Seiberg-Witten monopole equations. There is a natural generalization of these mod-
uli problems which involves a non-abelian gauge group and also includes spinor fields.
It is the moduli problem defined by the non-abelian monopole equations, introduced
in reference [62] in the context of the Mathai-Quillen formalism and as a generaliza-
tion of Donaldson theory. It has been also considered in reference [49, 10], as well as
in the mathematical literature [76, 81, 78, 28].
In order to introduce these equations in the case of G = SU(N) and the monopole
fields in the fundamental representation N of G, let us consider a Riemannian four-
manifold X together with a principal SU(N)-bundle P and a vector bundle E asso-
ciated to P through the fundamental representation. Suppose for simplicity that the
manifold is spin, and consider a section M iα of S
+ ⊗ E. The non-abelian monopole
equations read in this case:
F+ijαβ + i(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β)) = 0,
(Dα˙αE Mα)
i = 0. (5.1)
Starting from these equations it is possible to build the associated topological field
theory within the Mathai-Quillen formalism. Not surprisingly, the resulting theory
is the non-abelian version of the topological theory of abelian monopoles, that is, a
twisted version of N = 2 super Yang-Mills coupled to one massless hypermultiplet.
The field content is just the non-abelian version of that of the abelian monopole
theory. In addition to the fields in Donaldson-Witten theory, we have the following
matter fields:
Mα, µα ∈ Γ(S+ ⊗E), να˙ ∈ Γ(S− ⊗ E), (5.2)
together with their corresponding complex conjugates. The action for the model takes
the form:
SNAM=
∫
X
e[gµνDµM
α
DνMα +
1
4
RM
α
Mα
−1
4
Tr(F+αβF+αβ) +
1
4
(M
(α
T aMβ))(M (αT
aMβ))]
+
∫
X
Tr(
i
2
η ∧ ∗d∗Aψ +
i
2
√
2
χαβ(p+(dAψ))αβ +
i
8
χαβ [χαβ, φ]
+
i
2
λ ∧ ∗d∗AdAφ−
1
2
λ ∧ ∗[∗ψ, ψ])
+
∫
X
e
( i
2
M
α{φ, λ}Mα − 1√
2
(Mαχ
αβµβ − µ¯αχαβMβ)
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− i
2
(vα˙D
α˙αµα + µ¯αDαα˙v
α˙) +
1
2
(M
α
ψαα˙v
α˙ + v¯α˙ψ
α˙αMα)
−1
2
(µ¯αηMα +M
α
ηµα) +
i
4
v¯α˙φvα˙ − µ¯αλµα
)
. (5.3)
This action can be derived either by applying the Mathai-Quillen formalism, as we
discuss below, or by twisting the corresponding action for the physical N = 2 super-
symmetric theory. However, as it happens in Donaldson-Witten theory, the action
which comes directly from the twisting and that in (5.3) differ by the term (4.14),
which, being of the form ∼ {Q, ∫ η[φ, λ]}, can be safely ignored.
From the monopole eq. (5.1) follows that the appropriate geometric setting is the
following. The field space is A×Γ(X,S+⊗E), which is the space of gauge connections
on P and positive chirality spinors in the representation N of G. The vector bundle
has as fibre, F = Ω2,+(X, adP )⊕Γ(X,S+⊗E), as dictated by the quantum numbers
of the monopole equations. These equations are arranged into a section of the vector
bundle (A× Γ(X,S+ ⊗ E))× F :
s(A,M) =
( 1√
2
(F+ijαβ + i(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β))), (D
α˙αMα)
i
)
, (5.4)
in such a way that the zero locus of this section gives precisely the desired moduli
space. The action (5.3) is exact with respect to the following transformations:
[Q,A] =ψ, [Q,M iα] =µ
i
α,
{Q,ψ} = dAφ, {Q, µiα}=−iφijM jα,
[Q, φ] = 0, {Q, viα˙} =hiα˙,
{Q,χµν}=Hµν , [Q, hiα˙] =−iφijvjα˙,
[Q,Hµν ] = i[χµν , φ], {Q, η} = i[λ, φ],
[Q, λ] = η.
(5.5)
The gauge fermions of the theory are:
Ψloc=
∫
X
e
[ i
2
χαβji
( 1√
2
(F+ijαβ + i(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β)))−
i
4
Hjiαβ
)
− i
2
(v¯α˙D
α˙αMα −MαDαα˙vα˙)− 1
8
(v¯α˙h
α˙ + h¯α˙v
α˙)
]
,
Ψproj=−1
2
∫
X
[iTr(λ ∧ ∗d∗Aψ) + e(µ¯αλMα −Mαλµα)]. (5.6)
The dimension of the moduli space of non-abelian monopoles is given by the di-
mension of the corresponding tangent space, which in turn is defined by the linearized
version of the monopole equations:
p+(dAψ)
ij
αβ +
i
2
(M
j
(αµ
i
β) + µ¯
j
(αM
i
β) −
δij
N
(M
k
(αµ
k
β) + µ¯
k
(αM
k
β)) = 0,
(Dα˙αµα)
i + iψα˙αij M
j
α = 0. (5.7)
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The dimension of the moduli space counts essentially the number of independent so-
lutions to these equations modulo gauge transformations, and it is given by a suitable
index theorem, with the result:
dim MNA=dim MASD + 2 index DE
=(4N − 2)c2(E)− N
2 − 1
2
(χ + σ)− N
4
σ, (5.8)
Notice that MASD ⊂MNA. In addition to this, the usual conditions to have a well-
defined moduli problem (like the reducibility) are essentially the same as in Donaldson
theory.
The observables of the theory are the same as in Donaldson-Witten theory since
no non-trivial observables involving matter fields have been found. The topological
invariants are then given by correlation functions of the form (4.18):
〈O(k1)O(k2) · · ·O(kp)〉 =
∫
O(k1)O(k2) · · ·O(kp) exp(−S/g2), (5.9)
In the perturbative regime, g → 0, one finds the same pattern as in ordinary
Donaldson-Witten theory. There is a map like in (4.25), Hk(X) −→ Hk(MNA), which
implies that the vevs of the theory provide a new set of polynomials in Hk1(X) ×
Hk2(X) × . . . × Hkp(X). As in the case of ordinary Donaldson-Witten theory, the
perturbative approach does not provide any further insight into the precise form of
these topological invariants. Fortunately, it is again possible to apply the results of
Seiberg and Witten on N = 2 supersymmetric theories to analyze the model at hand
in the non-perturbative regime, in much the same way as it has been done in the case
of Donaldson-Witten theory.
We will now discuss the non-perturbative approach. We will follow the same
strategy as in the case of Donaldson-Witten theory. This has been depicted in Fig. 4.
The physical theory underlying the theory of non-abelian monopoles is an N = 2
supersymmetric Yang-Mills theory coupled to one massless hypermultiplet in the
fundamental representation of the gauge group, which we take to be SU(2). This
theory is asymptotically free. Hence, it is weakly coupled (g → 0) in the ultraviolet,
and strongly coupled (g → ∞) in the infrared. The infrared behavior of this theory
has been also determined by Seiberg andWitten [79]. Their results can be summarized
as follows:
• The quantum moduli space of vacua is a one-dimensional complex Ka¨hler man-
ifold (the u-plane).
• For any u there is an unbroken U(1) gauge symmetry (Coulomb phase).
• At a generic point on the u-plane the only light degree of freedom is the U(1)
gauge field (together with its N = 2 superpartners).
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Coupled to Matter Monopole Theory0
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(alternative representation)
Monopole Theory
X
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g
00
Figure 4: Schematic diagram of the concrete approach for non-abelian monopoles.
• There are three singularities at finite values of u.
• Near each of these singularities a magnetic monopole or dyon becomes massless
and weakly coupled to a dual U(1) gauge field.
A scheme of the quantum moduli space is presented in Fig. 5.
For X such that b+2 > 1 (there are no abelian instantons) the only contributions
come from the three singularities. Following the same arguments as in the abelian
case one finds the following general result:
〈e(
∑
a
αaI(Σa)+λO)〉 =
3∑
i=1
Cie
( ηi2 v
2+ξiλ)∑
x
nxe
ζiv·x. (5.10)
Relations among the quantities Ci, ηi, ζi and ξi are obtained by using the broken
U(1)R symmetry. Recall that:
ψ1α−→ e−iϕψ1α,
ψ2α−→ e−iϕψ2α,
B −→ e−2iϕB ,
ψqi−→ eiϕψqi,
ψq˜i−→ eiϕψq˜i. (5.11)
Instanton effects break this symmetry down to Z6. Under this Z6,
B −→ e− 2ipi3 B, (5.12)
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Moduli Spaceg
Quantum Vacuum
Figure 5: The quantum moduli space for N = 2 supersymmetric Yang-Mills theory
with SU(2) as gauge group, coupled to a hypermultiplet in the fundamental repre-
sentation.
and therefore
u = Tr(B2) −→ e− 4ipi3 u = e 2ipi3 u, (5.13)
which generates a Z3 symmetry on the u-plane which interchanges the three singu-
larities. Under this symmetry the observables transform as follows:
I(Σa) −→ e−2ipi3 I(Σa),
O −→ e 2ipi3 O. (5.14)
This implies for the unknown constants in (5.10) the following set of relations:
η2 = e
− 2ipi
3 η1, η3 = e
2ipi
3 η1,
ξ2 = e
2ipi
3 ξ1, ξ3 = e
− 2ipi
3 ξ1,
ζ2 = e
−2ipi
3 ζ1, ζ3 = e
−4ipi
3 ζ1. (5.15)
The relations among the Ci are obtained by working out the contribution from the
measure due to gravitational anomalies. The anomaly comes from the fields ψ, χ, η,
µ, ν, and implies the relations:
C2 = e
− ipiσ
6 C1, C3 = e
− ipiσ
3 C1. (5.16)
Denoting C = C1, η = η1, ζ = ζ1 and ξ = ξ1, one has the final result for manifolds
with b+2 > 1 [63]:
〈exp(∑
a
αaI(Σa) + λO)〉
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=C
(
exp(
η
2
v2 + λξ)
∑
x
nxexp(ζv · x)
+ e−
pii
6
σexp
(
− e−pii3 (η
2
v2 + λξ)
)∑
x
nxexp(e
−2pii
3 ζv · x)
+ e−
pii
3
σexp
(
− epii3 (η
2
v2 + λξ)
)∑
x
nxexp(e
−4pii
3 ζv · x)
)
, (5.17)
where unknown constants appear as in the pure Donaldson-Witten case. The gener-
ating function (5.17) verifies a generalized form of the simple type condition (4.74):(
∂3
∂λ3
− ξ3
)
〈exp(∑
a
αaI(Σa) + λO)〉 = 0. (5.18)
Unfortunately, the left-hand side of (5.17) is not known. Thus we can not fix the
constants η, ξ, ζ and C as we did in the case of Donaldson-Witten theory. That
equation has to be regarded as a prediction for those quantities. The result (5.17)
suggests that, as stated in the introduction, moduli problems in four-dimensional
topology can be classified in universality classes associated to the effective low-energy
description of the underlying physical theory. One important question that should be
addressed is how large is the set of moduli spaces which admit a description in terms
of Seiberg-Witten invariants. It is very likely that in the search for this set new types
of invariants will be found leading to new universality classes. The case considered in
this section is the simplest of its kind. Other situations should certainly be addressed.
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6 Final remarks
We will end these lectures making several remarks. First of all we should mention
that there is a rich structure associated to twisted N = 4 supersymmetric gauge
theories. These theories can be twisted in three non-equivalent ways [95, 70, 25, 59].
Ideas based on duality have been applied [83] to one of the resulting twisted theories
proving invariance under the full duality group. The other two twisted theories, as well
as many other twisted theories coming from scale invariant N = 2 supersymmetric
gauge theories, should be addressed from a similar perspective. It is expected that
duality is realized for all these theories.
In the context of generalized Donaldson-Witten theory it is worth to notice that
one of our assumptions can be released. We have assumed in our discussion that the
manifold X is spin. Of course, this is only a simplifying assumption. The theory can
be also defined on general four-manifolds using Spinc-structures [49, 76, 28, 78]. It has
been recently shown in the context of non-abelian monopoles that, from the point of
view of twisted N = 2 supersymmetry, the inclusion of Spinc-structures corresponds
to an extended twisting procedure associated to the gauging of the baryon number
[65].
It is also important to point out that the moduli space of non-abelian monopoles
has a natural U(1) action which acts as a rotation on the monopole fields. The
fixed points of this action are essentially the moduli space of ASD instantons and the
moduli space of abelian Seiberg-Witten monopoles. This has opened the way to a
mathematical proof of the equivalence of both theories using localization techniques
[78, 76], and some promising and concrete results in this direction have been recently
obtained [77]. From the point of view of the Mathai-Quillen formalism the U(1)
action makes the bundle E an U(1)-equivariant bundle and one can obtain a general
expression for the equivariant extension of the Thom form in this formalism [64]. For
the non-abelian monopole theory, the TQFT associated to this extension is precisely
twisted N = 2 supersymmetric Yang-Mills coupled to one massive flavor. This result
is promising for two reasons. Firstly, it demonstrates that it is possible to add mass-
like parameters to this type of theories while still retaining the topological character
of the theory. Secondly, it is tempting to think that the physics of the massive theory
could shed some light on the localization problem.
Another important observation is the one made by Taubes [80] pointing out a
relation between Seiberg-Witten invariants and Gromov invariants. As mentioned
in sect. 3, Gromov invariants are the topological quantities which appear in two-
dimensional topological sigma models. Therefore, what is involved here is a relation
between TQFTs in four dimensions and TQFTs theories in two dimensions. It is
very likely that an explanation of this relation based on physics will come from string
theory. In fact, it is tempting to speculate that string theory will provide a new
point of view to understand the relations among the invariants associated to different
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moduli spaces. There are several results which point into this direction. It is known,
for example, that Donaldson theory shows up in certain compactifications of the
heterotic string [47]. Similarly, other topological quantum field theories, as the ones
associated to twisted N = 4 supersymmetric gauge theory can also be understood
from a string theory perspective [19].
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